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INTRODUCTION 
Functional analysis techniques, mainly pertaining to the theory of intinite- 
dimensional representations, have been recently applied, mostly by Soviet 
mathematicians, to compute Hermitian K-groups related to the classification 
of quadratic forms with coefftcients in group rings (see, for instance, the 
relevant survey articles by MiSEenko [59, 801. In this concern, it has been 
pointed out that without loss of generality, one may profitably consider 
instead as “coefficient ring” an (abstract) C*-algebra [59, p. 931. In a 
similar framework, namely, that of (vector) bundles with coefftcients in C*- 
algebras, topological invariants of elliptic operators related to the classical 
Atiyah-Singer formula have also been studied by MiiEenko in [60] (see also 
[61 I), whereas, Kasparov has given in [42] a similar study by still applying 
C*-algebra techniques (cf. the comments at the end of this paper). 
Besides, vector bundles over Banach algebras and, in particular C*- 
algebras, commutative or not, have already been applied by Kandelaki [37, 
381, and independently by Fujii [27], one of their main results being a 
generalization of the Serre-Swan theorem [41] for complex vector bundles 
(cf. Theorem 4.2 in this paper). Furthermore, connections with the theory of 
“extensions of C*-algebras” ([ 12, “BDF-Theory”]) have also been 
considered by Kandelaki [39, 401. 
On the other hand, topological (in particular, locally m-convex) *-algebras 
(necessarily not normed ones) have been recently used in connection, for 
instance, with applications to relativistic quantum theory [18, 191. 
Thus, the extension of the preceding considerations to vector bundles with 
coefftcients in topological algebras, more general than normed ones and, in 
particular, in locally m-convex ones [55, 581 is naturally revealed. Now, this 
task is further feasible as a consequence of the generalization, within the 
topological algebras theory framework, of previous relevant work concerning 
applications of algebraic topology and complex analysis to Banach algebras 
theory [24, 53-55, 621. 
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The definition and basic properties of (complex) vector bundles “over a 
locally m-convex algebra” a (Definition 2.2) are systematically developed in 
Sections l-3 of this article following mainly the corresponding treatment for 
complex vector bundles as it is recently presented in the book of Karoubi on 
K-theory [4 11. On the other hand, the influence to a certain extent of Lang’s 
book on Differential Manifolds [44] is also apparent (cf., for instance, 
Lemma 2.2). Thus, a moral of this study is, for instance, that almost all the 
basic facts in 1411, in connection with the treatment of MiScenko-Solov’ev in 
[ 6 11, can be given not only for Banach (or in particular, C*-) algebra vector 
bundles. but at least within a F&her--Waelbroeck category in the sense of 
Lemma 7.2. 
Now, in trying to enlarge the traditional framework of complex or even 
Banach algebra vector bundles theory to that with more general topological 
algebras to act as domains of coefficients, one is confronted with a drastic 
ingredient of Banach algebras, namely, the fact that they are Q-algebras, and 
indeed Waelbroeck algebras, in the sense that the units in the latter algebras 
constitute an open set (group) on which the inversion is continuous. On the 
other hand, the hypothesis of “local multiplicative (m-) convexity” of the 
topological algebras involved can also be relaxed to a certain extent by 
considering instead “A-convex” Waelbroeck algebras (cf. Scholium 4.2, 
(4.73)). As a consequence to the preceding, to work within a Waelbroeck 
caregory (cf. Lemma 7.1) seems thus to be at least natural. 
On the other hand, it seems still to be unsettled, the extent to which 
“compatible tensorial topologies” [47] preserve, in the noncommutative case, 
the property of being a (unital) topological algebra a Q-algebra (the group of 
units to be an open set). Thus, condition (7.13) in the sequel exhibits this 
technical aspect, concerning a vector-valued function algebra g(X, A) in a 
way rather akin to the situation that seems to be relevant in questions 
regarding “algebraization” of continuous vector bundles [22, 46, 681. (For 
the commutative case, cf. instead [47, Proposition 4.2, p. 1791 and/or [55, 
Chap. VI, Lemma 5.31, as well as [66, Theorem 2, p. 71 and concluding 
comments, p. 771; see also Lemma 7.1 here. 
The part of the paper dealing with “topological geometric spaces” 
(Section 6) relates the notion of an A-vector bundle, in case A is 
commutative, to that of a “sheaf representable” or “schematic” topological 
algebra (cf. (6.9)). In this concern, it has been proved [56, Theorem 9.11 that 
every Ptik commutative regular semi-simple locally m-convex Q-algebra 
with an identity element (Ptak-Silov Q-algebra) is isomorphic to the algebra 
of (continuous) global sections of an appropriate topological algebra sheaf 
(see also [49, 521). The relevant considerations herewith constitute, in fact, 
an aspect of “continuous algebraic geometry” or even “topological 
commutative algebra” (as this has also been recently applied, for instance, 
by Ferreira-Tomassini [23]). (See also [56].) 
454 ANASTASIOS MALLIOS 
Finally, Section 7 is mainly concerned with applications of the hitherto 
developed machinery in order to give the Chern character of .ffi-vector 
bundles (Definition 7.1). Further applications within the present context 
referring, for instance, to Hirzebruch-type formulas in the sense of [60, 611 
will be the purpose of a future publication (cf. also the concluding remarks 
at the end of this article). 
1. TOPOLOGICAL ~MODIJLES 
The topological algebras considered in the sequel will be locally 
multiplicatively convex (m-convex) ones over the complex number field C, 
having moreover an identity element. For the fundamentals of the respective 
theory we refer to [55, 581. 
Thus, given a locally m-convex (topological) algebras A, an A-module E is 
called a topological A-module whenever E is a topological group equipped 
with a continuous “action” of A on E making the latter an A-module. 
In particular, the topological A-modules that we shall be concerned with 
in the sequel will actually be finitely generated A-modules (in the algebraic 
sense), their topology being essentially determined, in a canonical way, by 
that of A. 
Thus, suppose that E is a finitely generated A-module, where A is a given 
locally m-convex algebra with an identity element, and let (JQ),~~(~ be a set 
of generators of E, so that there exists by definition a canonical exact 
sequence 
given by the relation 
$ (” ai) = c aixj, ,T, i=l (1.2) 
with ai E /A (i = I,..., n). Now, in case E is a topological A-module, it is clear 
by the very definitions that 4 is a continuous A-linear map (even if the action 
of /A on E is separately continuous, i.e., continuous in each one of the two 
variables). We assume here, of course, that A” is also equipped with its 
canonical topological A-module structure, where A” (Z A’“‘) carries the 
canonical product locally (m-) convex topology (cf. [55, Chap. II, Lemma 
1.1 I), so that the respective quotient A-module 
An/ker($) 5 E (1.3) 
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is a topological A-module as well, (1.3) being actually valid within a 
continuous A-linear isomorphism. 
Besides it is clear, of course, that the preceding isomorphism becomes a 
topological one for suitable locally convex spaces E and A providing, for 
instance, the validity of an “open mapping theorem” (cf. [36, 71 I), while this 
is certainly true when, in particular, E is a Banach A-module with A being a 
Banach algebra. 
Thus, in case aJinitel]r generated A-module E does not have a priori any 
given (A-module) topology, it is natural to consider if topologized (as a 
topological A-module) by the canonical isomorphism (1.3). On the other 
hand, our assertion is that the latter topology on E is in fact independent of 
the way (i.e., the map 4 in (1.3)) we consider it as jkitely generated. We 
shall need first, however, the following fact, which is used frequently below: 
LEMMA 1.1. Let A be a locally m-convex algebra with an identity 
element and let n, m be any positive integers. Then, every A-linear map 
l.l:LAn-+LAm (1.4) 
is continuous. In particular, every A-module direct summand of A(“’ (Z A”) 
is a closed subspace of the locally convex space A’“‘. 
Proof: Suppose that (aij) is the n x m matrix of u corresponding to the 
canonical bases of A”, Am, i.e., let u E (aij) E M,,,(A) (the (complex) vector 
space of all n x m matrices with entries in A), where (ei),GiGn, with 
ei,i E 6, E A, is the canonical basis of A”. Now, if (A, r, = {p)) denotes a 
given calibration of the locally m-convex algebra /A [55, Chap. I, Theorem 
2.11, by setting 
(1.5) 
with x = x1=, aiei E A”, and p E r, one gets a corresponding calibration for 
the locally convex space A” (respecting also the continuity of the coor- 
dinatewise defined multiplication in A”). 
Thus, for every p E P,, let 
k(P) = “,“,p P(aijh (1.6) 
so that one gets 
FA~(~X>)=F ($, aidei)) G $,P(ai)d(u(ei)b (1.7) 
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and hence, since 
(1.8) 
one finally gets by (1.7), 
LLMx)) Q m - k(p) = m - k(p) . d&h 
or by setting m . k(p) = a > 0, we have 
A.,(@>) < a . F&). 
(1.9) 
(1.10) 
with x E A”, which actually proves the continuity of U. (As a byproduct of 
the preceding argumentation, we still notice that we applied in (1.7) the 
relation ~?~,,(a . x) <p(a) . fiAAn(x), for any a E A and x E A”, an immediate 
consequence of (1.5) and the submultiplicativity of p E f,, so that under the 
calibration (1.5), with p E Tm, A” (2 A’“‘) is in fact a locally c0nve.Y A- 
module.) 
Now, if A4 @ N = A”‘) (S A”) is a direct sum decomposition of A(“) in A- 
submodules then, say M = Im(u), where u is a projector of A” (i.e., an idem- 
potent A-linear map of A” into itself), so that M= ker(1 - U) (cf. [7, Chap. 
II, Proposition 14, p. 201). Therefore, 1 - u being still a projector of A”, it is 
by the preceding a continuous A-linear map, hence M is a closed subspace of 
A”, which is actually by the previous remarks a closed A-submodule of the 
locally convex A-module A”. 1 
Now, in order to prove our assertion stated at the beginning of this 
discussion, suppose that 
AmzE+O (1.11) 
is another short exact sequence realizing E as a finitely generated A-module, 
and let rti be the respective quotient topology on it corresponding to a similar 
relation to (1.3). Thus, since A”, A”’ are free, and hence projective A- 
modules, one gets the following commutative diagram: 
(1.12) 
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(cf. [7, Chap. II, Proposition 4, p. 391, so that it is easy to see that the 
respective final (quotient) topologies 5 o, r$ on E coincide, by combining the 
maps 4, v in (1.12) with the identity map id,: E[r,] -+ E[r,]. 
In particular, in case E itself is also a projective A-module, one gets a 
splitting exact sequence, say 
0 + ker(#) -& A” -% E + 0 (1.13) 
([ 7 I), so that E is a direct summand of A” and hence (cf. the proof of 
Lemma 1.1) E = ker( 1 - u), where u is a projector of A”; therefore, E is a 
closed A-submodule of A” in the relative topology, this topology of E being 
in fact independent of the “imbedding” of E under consideration. 
We can thus summarize the preceding into 
LEMMA 1.2. Let E be a finitely generated A-module, where A is a given 
locally m-convex algebra with an identity element. Then, E can be made into 
a topological A-module in a unique way, independent of that we consider it 
as jinitely generated. 
In particular, in case E is also a projective A-module, this is the relative 
(locally convex A-module) topology on it, when we consider E as a direct 
summand of some A.“. I 
In the latter case provided by Lemma 1.2, E is a closed A-submodule of 
A”, so that it is, in particular, a complete locally convex A-module in case the 
algebra A is complete. 
DEFINITION 1.1. Given a projective finitely generated A-module E as in 
Lemma 1.2, the locally convex A-module topology on it defined by the same 
lemma is called the canonical topology of E, which thus (Lemma 1.2) is 
uniquely determined by the linear structure of E and the topology of A. 
Thus, it is the above topology which we shall always understand 
throughout he sequel when referring to a given finitely generated projective 
A-module E, if it is not differently mentioned. In this concern, we shall also 
denote by .?(A) the category of finitely generated projective a-modules with 
morphisms the /A-linear maps. Now, it is a consequence of the foregoing that 
the latter are in fact continuous maps when the objects in Y(A) are 
considered with their canonical topologies (Definition 1.1). That is, we have 
COROLLARY 1.1. Let E, F be objects in .9(A), where A is a given locally 
m-convex (topological) algebra with an identity element. Then, every A-linear 
map 
u:E-+F (1.14) 
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is continuous. That is, by applying standard notation for the respective sets of 
morphisms in .?(A), one gets 
Hom,(E, F),C HomA@“, A”) = 2t,(A”, A”) (Lemma 1.1) (1.15) 
as (complex) vector spaces. 
Proof. If E, F are on n and m generators, respectively, suppose that 
E @ E’ z A’* and F @ F’ z A” are canonical supplements of E, F provided 
by hypothesis, so that every u E Hom,(E, F) can be extended to U = u 0 0 E 
Hom,(lP.“. A”), which thus by Lemma 1.1 is continuous. Now, since E, F 
are equipped with their canonical topologies (Definition l.l), the continuity 
of u is provided by the following commutative diagram: 
(1.16) 
namely, one gets 
u =j-’ 0 (U 0 i) = q 0 (c 0 i), (1.17) 
where q denotes the (continuous, by Lemma 1.1) projector of A”’ onto F and 
i. j are the canonical (topological) embeddings of E, F into A”, Am, respec- 
tively (when taking into account that A” (resp. A”‘) carries the canonical 
product topology (cf. also [34, Remarks after Definition 2, p. 1211. m 
Referring to the above terminology, we still note that the (complex) vector 
space Hom,(E, F) is topologized in the relative topology induced on it bJ1 
Ye(A”, Am), where the latter is canonically identified with M,,,(A), the 
(complex) vector space of all n x m matrices with entries in A, so that one 
has (canonically) 
M,,,(A) z A”‘“, (1.18) 
the second member being endowed with the respective Cartesian product 
topology. In particular, for m = n, one gets the (complex unitary) algebra 
M,(A) = A”: (1.19) 
of all n x n matrices with entries in A, which is in fact a topological algebra, 
the continuity of the algebraic operations in (1.19) (addition, scalar, and 
matrix (ring) multiplication) being provided in a .similar way to the case 
A = C based on the continuity of the algebra operations in A. 
VECTOR BUNDLES AND K-THEORY 459 
Now a crucial feature of a unitary Banach algebra is the fact that its 
group of units is an open neighborhood of the identity, the inversion 
(operation) being also continuous on the same set. Since this property is not 
inherited by an arbitrary topological algebra, however, (even a Frkchet 
locally m-convex algebra; cf. [47, p. 174]), mostly we shall make in the 
sequel the fundamental assumption our algebras to be Q-algebras (with an 
identity element), namely, their groups of units to be open sets [55, Chap. I, 
Proposition 6.21. Besides, since the topological algebras we consider are 
locally m-convex ones, they also have continuous inversion ([55, Chap. I, 
Lemma 6.51). 
Furthermore, by considering the matrix algebra (1.19) topologized as a 
locally convex space by a calibration of the form (1.5) (the resulted topology 
being, in fact, equivalent to the respective Cartesian product topology), it is 
easy to see that, with respect to the matrix multiplication, (1.19) is actually 
an A-contlex algebra in the sense of [ 151 (cf. also [55, Chap. I, Definition 
4.3]), so that if A. is, in particular, a barrelled (locally m-convex) algebra 
1551, the locally convex space A”- ’ is still barrelled [64, Proposition 27, 
p. 941, hence M,(P.) will be in fact a locally m-convex algebra (cf. [ 15, p. 241 
and/or 155, Chap. I, Corollary 4.31). Besides, (1.19) will be a Q-algebra as 
well, in case /a is a Q-algebra: The latter is actually a consequence of a 
recent result of Swan [68, Corollary 1.2, p. 2031, while in case of a 
commutative algebra A it is yielded, of course, by the hypothesis for A and 
the standard “Laplace expansion formula” relating a matrix with its deter- 
minant (cf., for instance, [63, Satz 1, p. 222)). 
On the other hand, since every FGchet space is certainly barrelled [64, 
Theorem 2, p. 671, the last part of the next result is simply an illumination of 
the rest of it, the proof of which is already provided by the preceding 
discussion. Thus, we have. 
THEOREM 1.1. Let A be a given locally m-convex Q-algebra with an 
identity element. Then, the algebra &f,,(A) of all n x n matrices with entries 
in A topologized in the Cartesian product topology of (1.19) is a locally 
convex Q-algebra with an identity element, as well as continuous 
multiplication and inversion. 
In particular, M,,(A) is topologizable as an A-convex Q-algebra, so that if 
!i”\ is also barrelled, then M,(A) is made as well into a barrelled locally m- 
convex Q-algebra. More particular&, M,(A) is topologizable as a FrPchet 
local!)> m-convex Q-algebra (:<FQ-algebra), when this is the case for the 
given algebra A. 1 
Thus, within the context of Theorem 1.1, denoting by GL(n, A) the group 
of units of the (topological) algebra M,,(A), i.e., the group of invertible n x n 
matrices with entries in A, we conclude that this is an open subset of A”‘, 
409!92 ‘? I I 
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when 1:. is a Q-algebra, hence an open neighborhood of the identity in 
M,,( ,A). the inversion on it being also continuous, so that GL(n, A) is a 
topological group with respect to the matrix multiplication in (1.19). Thus 
within the previous context and the terminology of [55 1, M,(A) becomes a 
locally conrex Waelbroeck algebra with (an identity element and) a 
continuous multiplication (cf. also 155, Chap. I, Proposition 6.211. 
2. /A-VECTOR BUNDLES 
In this section we set up the definition of an A-vector bundle, or simply A- 
bundle, and give some of the first applications of this notion which are, 
indeed, extensions to our case of some classical results for A = C (or R). 
Previous considerations of a similar type, however, in the case of a 
commutative (unitary) Banach algebra A, have been given in [27, 37, 381 or 
still for an arbitrary (not necessarily commutative) C*-algebra (with unit) in 
[61). 
In this concern, we follow rather closely the standard expositions by 
Bourbaki [lo] and/or Lang [44], while the recent book by Karoubi on K- 
theory (411 will also be used constantly. 
Thus, suppose we are given a map 7~: E + X with target, a (Hausdorff) 
topological space X. Now a given triplet, 
t=(U,@,M) (2.1) 
is called a chart (or local trivialization) of E, if U is an open subset of X, M 
a finitely generated, projective A-module (always considered as equipped 
with its canonical topology: Definition 1.1) and @ a bijection 
n-y@+ ux M (2.2) 
satisfying the relation ~(4~ ‘(x, h)) = *Y, for any x E U, h E M. It follows that 
the map 
@.y-~ln-,fx,: K’(x)+M (2.3) 
is a bijection, whose inverse I$;’ s t, is given by the relation 
with x E (1. 
t,(h) = q--*(x, h), hEM (2.4) 
Now, we shall say that two given charts t = (U, $, M) and s E (V, ry, N) of 
E are compatible, in case the following two conditions are satisfied (cf. 
(2.3)): 
v/, 0 4.; ’ E HomAW, N) (2.5i) 
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for every x E un V, and in addition the resulting map 
x E+ y/+ o #,I: un V-r Hom,(M, N) (2Sii) 
is continuous; in this respect one considers the relations (Corollary 1.1) 
Hom,(M, N) = P”m ,fi(M, N) = (Ram &t4, N)),, (2.6) 
where R’o +B &(M, N) is topologized by (1.15), (1.18) (cf. also the comments 
following the proof of Corollary 2.1), while the last set in (2.6) is endowed 
with the relative topology of simple convergence (not “s”) in PA(An, A”) the 
latter being in fact that of (1.18). 
Furthermore, since for the inverse map of (2Si) one still has 
(w, 0 t?; ‘)--I = $, 0 w; ’ E Hom,(N W, (2.7) 
it is clear (cf. Corollary 1.1) that (2.5i) is actually equivalent to the condition 
that 
wx O 4,‘: M--+ N defines an isomorphism of topological A- 
modules. for every x E U n V. (2.8) 
On the other hand, it is enough to assume the seemingly weaker condition 
(cf. (2.8) and Lemma 2.1) than the previous two ones (2.5i), (2.5ii). namely, 
the existence of a continuous map 
A: Un V+ Hom,(M, N) 
as above, in such a way that one has 
w, = #, O 4x)7 
for every x E un V (cf., for instance, [ 10, p. 701). 
DEFINITION 2.1. A family of charts 
(2.9) 
of E is said to be an atlas of E, if the given charts of & are mutually 
equivalent, in such a way that X = U, E, U, . 
Now, two atlases .M’, 9 of E are said to be equivalent if the charts of the 
two families taken together (i.e., ,r9 u 9) still constitute an atlas of E. One 
can verify by applying standard reasoning (common, for instance, in 
differential geometry of gm-manifolds) that the previous notion provides, in 
fact, an equivalence relation in the set (cf. (16.1.2), [ 17, p. 41) of all atlases 
of E. Thus. we come to the 
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DEFINITION 2.2. Given a map 71: E + X as above, we say that E is an ;:,- 
vector bundle (or simply an J-bundle) over X, in case we are given an 
equivalence class of atlases, say ].d], of E, where A always denotes a locally 
m-convex (topological) algebra with an identity element. (In this respect, we 
shall also apply in the sequel the notation <= (E. rr. X) for a given n-bundle 
as above.) 
In this concern, it is standard that we are usually given an atlas A? of E 
and hence its equivalence class [&‘I, the charts of all members of which 
constitute the associated to .d maximal (or complete) atlas of E, saq’, 
XT* = u .A?, (2.10) 
#El &I 
consisting in fact of all the charts of E which are compatible with the charts 
of the given atlas ,FZ of E. Now the last atlas of E, or equivalently the class 
[.d], h t h’ h IS t a w IC actually yields, in a unique way, the structure of an A- 
bundle for E, as it will become clear in the sequel (cf. Lemma 2.2). We shall 
need first, however, the following result (cf. [41, Theorem 1.12, p. 31, as well 
as (44, Proof of Proposition 2, p. 431. 
LEMMA 2.1. Let the conditions of Lemma 1.1 be satisfied, and let X be a 
topological space. Moreover, suppose that we are given a continuous map 
h: X+ yk(A,“, Am) z ~4”‘~. (2.11) 
Then, the map 
given by the relation 
@, a> = (x, [h(x)](a)], (2.13) 
for every (x, a) E XX A” (thus, fi induces on each fiber of X x A” the map 
h(x) E PA(A”, Am)) is continuous. 
Conversely, if we are given a continuous map (2.12) which induces on the 
respective fibers an A-linear map as above, then the map (2.11) given by 
x F-+ h(x) := k(x) = &, XEX (2.14) 
(restriction of h on the respective fiber of X x A’) is also continuous. 
VECTORBUNDLES ANDK-THEORY 463 
Proof. The map (2.12) is the composite of the following commutative 
diagram: 
X. Ali6Xu jCAIAn , AT1 x A’ 
LIEA 
(2.15) 
X.A’ 
where (x, a) F+ 6(-u, a) := (x, h(x), a) is, of course, a continuous map by 
hypothesis for h, and besides (x, U, a) h E(X, u, a) := (x, u(a)) is still 
continuous, as this is easily seen by the definition of the (Cartesian product) 
topology in Yfi(A”, A”) (cf. (1.18)) and the continuity of the multiplication 
in A (u(a) being actually the matrix multiplication a . U, with a E M,,,(A) 2 
Y(A. .A”) z A” and u E (aij) E M,,,(A) z Y(A”, A”‘)). 
On the other hand, suppose that the map (2.12) is continuous in such a 
way that 
h”, = l(x) E Hom,(A”, A”) = PA(A”, A”‘) (Lemma l.l), (2.16) 
for every x E X. Thus, if (ei), Gi(n denotes the canonical basis of A” (cf. the 
proof of Lemma 1. 1 ), consider the map 
#i : X -+ X X A”: x w qbi(x) := (x, ei) (2.17) 
which is obviously continuous, so that one has by hypothesis 
K(#i(X)) = 6(X9 ei) = (4 lx(ei)), (2.18) 
with x E X. Now. if 
Uei) E (aij(x))l<j<m E Am, (2.19) 
let prj (j = l,..., m) be the jth canonical projection of Am onto A, so that one 
gets by (2.19) 
aij=prjopr,oiToqbi, (2.20) 
with 1 < i < n and 1 <j < m, that is, a continuous A-valued map on X which 
implies the desired continuity of (2.1 l), the latter being actually reduced to 
that of the maps (2.20), since h(x) = (aij(x)) E M,,,(A) z YA(A”, Am), with 
XEX. I 
Now, within the context of Corollary 1.1, if M, N are objects of the 
category Y(A), by taking into account that the topology on Hom,(M, N) is 
independent of the realization of the last set as a subset, say, of PA(A”, A’“) 
(cf. Lemma 1.2, as well as (1.15)), one actually realizes the validity of the 
following more general form of Lemma 2.1; that is, we have 
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COROLLARY 2.1. Lemma 2.1 is still valid for an?, Jiniteb- generated 
projective A-modules (instead only of the free ones ,;t”, “.“‘). when the latter 
are endowed nlith their canonical (locally convex A-module) topologies 
(Definition 1.1). m 
Now by Lemma 2.2. we characterize the structure of an +bundle on a 
given /A-bundle <E (E, 71, X) by determining a suitable, uniquely defined. 
topology on its total space E. In this respect, we first note that for any two 
compatible charts (17, , #,, M,) and (U,, #o, M,) of the given atlas d (cf. 
(2.9)) of E: the sets 
q,(n-‘(UJn n’(q) = f$&-‘(ua n U,)) = (U, n U,) x M” (cf. (2.2)) 
(2.2li) 
and $0 ‘(K ‘(U, n U)) = (U, n CJ,) x M, are open, and the map 
q$, * 4, ‘: (U, n iJ8) x M, -+ (U, n U,) X M, (2.2 lii) 
is continuous, as this follows immediately by Corollary 2.1 in conjunction 
with condition (2.5ii), and hence its inverse map 9, o 40’ as well. 
Thus. we come next to 
LEMMA 2.2. Let II: E +X be a given map as above and 
,:g.- {(u,,4,,M,)l,., an atlas of E. Then, there exists a unique (not 
necessarili3 Hausdorff) topology on E making 71 continuous and the @,‘s, 
a E I, homeomorphisms, in such a way that each “ftber” of E, i.e., the set 
E., = z- I(x), x E X, is uniquely endowed with the structure of a (JinitelJ 
generated projective locally convex) topological A-module, the topology of 
which is, moreover, the relative one induced on it by E. 
Thus, by Lemma 2.2, Definition 2.2 provides in fact an equivalent notion 
to that of a family of topological A-modules over the topological space X 
(with fibers finitely generated and projective A-modules endowed with their 
canonical topologies), in analogy with the standard notion for (complex) 
vector bundles (cf. [2] and/or [41, Definition 1.2, p. 1 I). Furthermore, the 
same family is locally trivial (cf. (2.2)), so that for A = C, Definition 2.2 
yields in fact the classical notion of a (complex) vector bundle over X (cf. 
[2, p. 3; 41, Definition 2.1, p. 51). 
Proof of Lemma 2.2. By still applying a standard reasoning (cf., for 
instance, the classical case of (finite-dimensional) VW-manifolds), one 
verifies that those subsets A of E such that 
@,(A n I-‘) (2.22) 
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is an open subset of U, x M,, for every a E I, constitute in fact the open 
sets for a topology of E which satisfies the requirements of the assertion: 
That is, for this topology c’(U~) is an open subset of E, for every a E I (cf. 
(2.22) and (2.21i)) so that the map rc is certainly continuous, and moreover, 
each one of the maps 
4 a: n-‘(U,) -+ u, x M,, 
with a E I, becomes a homeomorphism, since this is, of course, the case for 
the maps (2.21ii). Furthermore, for every x E X, the respective fiber 
K’(~u) c E is endowed with the structure, say, of M, given that x belongs to 
some U, (Definition 2.1), this being, however, independent of the particular 
chart considered, since by hypothesis, for every x E U, n U,, the associated 
map (h 0 43, = h 0 42 is an isomorphism of the respective topological 
A-modules M,, M, (cf. condition (2.8)). Besides, it is clear that the topology 
of n-‘(x) z M,, thus defined, coincides with the relative one induced on it 
from the open set R-‘(17,) g E, given that the maps #,, a E I, are already 
homeomorphisms. Finally, the uniqueness of the topology of E satisfying the 
preceding conditions is now a matter of standard argumentation. 1 
In this concern, we further note that the “domains of definition” of the 
charts belonging to the maximal atlas ..Q’* (cf. (2.10)) of E, i.e., the sets 
x-‘(U), with (U, 4, M) E .C8 E [A+‘], constitute a basis of the topology 
provided on E by Lemma 2.2. 
3. THE CATEGORY ZA(X) 
Given a topological space X and a topological algebra A as before, we 
denote by Z*(X) the category whose objects are the A-bundles over X 
(Definition 2.2), the total space of which will always be considered as 
topological ones, according to Lemma 2.2. The associated morphisms are 
defined in the standard way; they are, namely, continuous maps a: E + F 
commuting with the respective “projections”, i.e., satisfying the relation 
~~~a=n,, (3.1) 
for any two objects < = (E, rrE, X) and q = (F, n,, X) in gA(X); thus, a is of 
course “fiber preserving” and we further assume that 
a, G ajn;LCxj: ni ‘(x) s E, + F, = 7~; l(x), (3.2) 
with x E X, is an A-linear map for the respective (topological) A-modules. 
Now, if E, F are A-bundles over (the same “base” space) X, we denote by 
Hom(E, F) E Homr-4Cx, 6% F) (3.3) 
466 ANASTASIOS MALLIOS 
the set of morphisms of the given pair (E, F) with respect to the category 
F&(X) as defined above. Thus, it is clear that (3.3) is in fact a (complex) 
vecror space via “pointwise” defined operations: namely, for any a, ,G in 
Horn@, F), one defines 
(a + PI, := a, + P, and (Au), := kfv, (3.4) 
for every x E X, with II E &. In this respect, it is still true that one gets 
continuous maps by (3.4), this being, however, of a “local character” for E, 
F so that it is actually provided by their local structures (cf. (2.2)). 
Our next result yields that gA(X) is an additive category (cf., for instance, 
[32, Definition 1. p. 751 for the relevant terminology), in analogy to the case 
we have for (complex) vector bundles (cf. [41, Theorem 6.1, p. 261). 
Nevertheless, as we shall presently see one can actually get much more by 
suitably restricting the class of the “algebra of coefficients” A we consider 
(cf. Theorem 3.1). We first have to comment upon some relevant 
terminology, however. 
Thus, given the A-bundles (E, nE, X) and (F, 7cF, X), one defines their 
Whitney, sum as the corresponding “fiber product” of the (topological) 
spaces E, F over X denoted by E @ F (cf. [32, p. 62]), i.e., we have 
E@F:=E&F, (3.5) 
together with the natural projection on X. Now, it is easy to see that (3.5) is 
isomorphic to the disjoint union 
21: (E, x F,) 2 y (E, 0 F,), (3.6) 
r x 
where on the last set one considers the final topology induced on it by the 
bijections, actually “local trivializations” of (3.6), i.e., 
ux(MON)2EOFI,I~rr-‘(Cr)EEOF, (3.7) 
corresponding to similar trivializations of E, F of the form (2.2), the last 
topology being, moreover, uniquely defined concerning the trivializations of 
E, F and the covering of X considered, so that (3.5) constitutes, in fact, an 
object of FA(X) (cf. [41, Chap. I, Sect. 4, p. 18ff], in connection with our 
Lemma 2.1). 
Now, Lemma 3.1 essentially asserts that (3.5) (or, equivalently, (3.6)) 
defines, in fact, the “coproduct” (or the “pull-back”) of E, F in the category 
gA(X). That is, we have 
LEMMA 3.1. The category E”*(X) of A-bundles over a given topological 
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space X (with A being any locally m-convex (topological) algebra with an 
identity element) is an additive category. 
ProoJ By what has been said before, set (3.3) is a (complex) vector 
space, hence an (additive) Abelian group. Besides, 8’A(X) has a zero object, 
namely, the (trivial) A-bundle &, z (X, id,, X) = 0 all fibers of which are 
(isomorphic(!) to) the trivial A-module (0). On the other hand, it is still 
clear that, for any E, F, G in F&(X),, the “composition” of morphisms 
is bilinear. 
Hom(E, F) x Hom(F, G) + Hom(E, G) (3.8) 
Now, we further prove that for any pair (E, F) of objects in c?‘~(X), their 
Whitney sum (E @ F; i,j) as defined above, together with the canonical 
injections (morphisms) i: E -+ E @ F and j: F -+ E 0 F (defined, of course, 
“fiberwise” in the canonical way), constitutes the “coproduct” (or still 
“sum”) [32, Definition, p. 581 of E, F in cY~(X). 
Thus, given an object G of k?*(X) and morphisms a: E -+ G, /3: F + G, 
there e.yists a unique morphism y: E @ F + G factorizing a, p via i, j, respec- 
tively, i.e., such that one has 
a=yoi and /l=yoj. (3.9) 
Thus, since a, p are given, one defines y uniquely by the relation (cf. (3.6)) 
yx=ax+Px- (3.10) 
for every x E X. Furthermore, the map y: E @ F+ G given by (3.9) is 
continuous: Namely, by considering local trivializations of the form (2.2) for 
E, F, G, say, U x M, U x N and U x K, respectively, one gets by hypothesis 
continuous maps 
ait,,: iJxM+ UX K and &,: Ux N-+ Ux K, (3.11) 
in such a way that the respective maps 
a’: U + Hom,(M, K) and p’: U-B Hom,(N, K) (3.12) 
such that (cf. (3.2)) 
4x1 = (4rr>x = a, and P(x) = GCIJX =P,, (3.13) 
with x E U are also continuous (Lemma 2.1). Now, still by Lemma 2.1, the 
map 
yl,,:Ux(M@N)+UxK (3.14) 
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(cf. (3.7)) is continuous, provided the respective map 
i;: c;+ Hom,(M@N.Kj (3.15) 
is continuous, so that since one has 
Hom,fi(M @ N. K) z Hom,(M, K) x Hom,(N, K) (3.16) 
(cf. (2.6) in connection with [7, Chap. 2. Corollary 1, p. 131, and/or 155, 
Lemma 3.1, Chap. III]), the continuity of (3.15) is essentially reduced to 
that of each of the respective “coordinate functions,” i.e., the maps (3.12), 
which actually proves the assertion. 1 
We come next to the promised assertion, namely, that gA(X) is, in fact, a 
“pseudo-Abelian” category for suitable (topological algebras) )?J. 
In this respect, we recall (cf. [41, Definition 6.7, p. 281) that a given 
category V with zero objects is said to be pseudo-Abelian, in case for every 
object E of P and any “projector” of E, i.e., a morphism a: E -+ E with 
a* = a (or still idempotent endomorphism of E), the kernel of a exists (cf. 
[32, p. 611). 
First. however, we have to consider a particular consequence of Theorem 
1.1 under the supplementary hypothesis for ia. That is, we have (cf. also 168, 
Lemma 1.3, p. 2031): 
LEMMA 3.2. Let A be a locally m-convex Q-algebra with an identity 
element, and M a j?nite!y generated projective A-module endowed with the 
respective canonical topology (Defini:ion 1.1). Then, the (complex) algebra 
Hom,(M, M) = &+mzdA(M) (3.17) 
considered as a topological subalgebra of (some) I/‘,(A”) (cf: (1.15)) is a 
local!]! convex Q-algebra with an identity element, having also continuous 
multiplication and inversion. 
Furthermore, (3.17) is a closed subalgebra of YA(/A”) considered, so that 
if, in particular, A is a Frechet algebra, then B&,(M) can also be 
topologized as a Frechet locally m-convex Q-algebra. 
Proof: We first note that by (1.15) and Theorem 1.1, (3.17) is a locally 
convex algebra (with an identity l,,), having, moreover, continuous 
multiplication and inversion. Hence, we have now to prove that the group of 
units of the same algebra, denoted by zfatA(M), is an open subset of (3.17): 
Thus, let u EL&&t,(M) and c E U-’ the inverse map of u. Besides, let 
M @ N s A” be a canonical “complementation” of M into a free A-module 
(of finite type), so that one gets 
(u 0 0) 0 1, = I,, E GL(n, A), (3.18) 
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the last set being by hypothesis an open neighborhood of l,, in the algebra 
M,(A) (Theorem 1.1). Therefore, since A4 @ N is a topological direct sum 
(cf. Corollary 1.1 and [34, Proposition 1, p. 121]), there exists an open 
neighborhood, say W, of l,W = u 0 u in (3.17), and hence by the preceding 
open neighborhoods A of u and B of ~1 in the same algebra, with A o B c W, 
such that 
AoB@V&GL(n,A). (3.19) 
where V is an open neighborhood of the identity 1, in a+~d,(N). Thus, for 
every g E A, one gets (g o v) @ I, E GL(n, A), hence g o c is a unit of 
(3.17); therefore, if h E c’ o (g o v))‘, one obtains 
go h=(go v)o (go v-1 = l,+,, (3.20) 
and similarly for h o g, so that one actually has that A G ,t9utA(M), i.e., 
&‘&t,(M) is an open neighborhood of l,,, in the algebra (3.17), which is just 
the assertion. 
Concerning the second part of the statement we first note that since 
M,C A” is a closed (locally convex) A-submodule of A” (Lemma 1.1) one 
concludes by (2.6) that Ped,(M) is a closed subalgebra of M,(A). On the 
other hand, by Theorem 1.1, the latter is topologized so as to become an 
ire-(locally m-convex) algebra, if this is the case for A, so that (3.17) will 
still be a Frechet (and hence barrelled) A-convex algebra. Thus, by the same 
reasoning as in the proof of Theorem 1.1. (3.17) will be made into a Frechet 
locally m-convex algebra, being also a Q-algebra by the first part of the 
proof. I 
Remark 3.1. Using an analogous argument to that of the preceding 
proof, one can get a more general statement han the first part of Lemma 3.2, 
motivated by the analogous result in [68, Lemma 1.3, p. 2031: Namely, for 
ar7y M, N in .?(,a), with A as in Lemma 3.2, and any u E Hom,(M, N) 
which is an onto map, there exists an open neighborhood, say A, of ZJ in 
Hom,(M, N) consisting of onto maps and such that ker(u) z ker(u)for eueq 
11 E A. 
Thus we come. next to the following basic result: 
THEOREM 3.1. Let A be a locally m-convex Q-algebra with an identity 
element and E an A-bundle over a given topological space X. Moreover, let 
a: E + E be a projector of E. Then, the set 
ker(a) = 1 ker(a,), 
XEX 
(3.2 1) 
endowed with the relative topology from E, defines an object of cY~(X). 
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ProoJ Since the assertion is of a “local nature,” it suffices to consider 
trivial A-bundles of the form XX M. with M in ?(:A), so that let 
a: X x M-, X x M be any given projector. Thus, we shall prove that 
ker(a) := \’ ker(a,) E F,&(X), - 
XE \ 
(3.22) 
namef~, that (3.22), together with the obvious projection on X, is locall) 
frioid of the form (2.2). where on the second member of the last relation one 
considers the relative topology induced on it from E (cf. Lemma 2.2, as well 
as the comments after its statement). The argumentation applied in the 
sequel is patterned after the proof of the analogous result for complex vector 
bundles as it has been given in [41, Theorem 6.3, p. 261: 
Thus if x0 E X, consider the continuous map 
f: X + Fed,(M): x wf(x) := 1 - a, - ax0 + 2a”” 0 a, 
(cf. Corollary 2.1 as well as (2.6)). Now, since 
f(x) 0 a-r0 = (I,0 of(x) = ax0 0 a 
for every x E X, we get the following commutative diagram: 
(3.23) 
(3.24) 
(3.25) 
where f is given by analogy to (2.13) (cf. Corollary 2.1) and a0 = id, X GI,~. 
Besides, -becausef(x,) = 1 E -Pout A(M), there exists an open neighborhood U 
of x0 in X, with f(U) c ,dut,(M) (Lemma 3.2). Therefore, dflL:)-’ (x) = 
f(x)-‘, for every XE U, so that 
Thus, one further obtains a bijection 
z ker(a) -+ U x ker(a,J, (3.27) 
(3.26) 
which is, of course, a homeomorphism: Namely, for every (x, m) E ker(a), 
one has a,(m) = 0 E M, so that 7(x, m) = (x, [f(x)](m)) (cf. (2.13)), with 
aXO( [f(x)](m)) = a+(a,(m)) = 0, by (3.24), i.e., the correspondence (3.27), 
the rest being a consequence of (3.24), (3.26), and Corollary 2.1, which 
actually proves the assertion. m 
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Remark 3.3. By considering the canonical inclusion ker(a) E E defined 
by (3.22) it is easy to see that ker(a) is the “kernel” of the given 
endomorphism a: E + E with respect to the additive category (Lemma 3.1) 
g@,(X) (cf., for instance, [32, p. 6 1 I). 
Thus as a result of Theorem 3.1 and Remark 3.3. we can formulate 
COROLLARY 3.1. Let A be any locally m-convex Q-algebra with an 
identity element. Then, the category gA(X) of A-bundles over a given 
(Hausdorff) topological space X is pseudo-Abelian (cf. the comments before 
Lemma 3.2). I 
4. SERRE-SWAN GENERALIZED 
Thus, we come to one of the main objectives of this study, Theorem 4.2 of 
this section, which is an extension to our case of a classical result for 
(continuous) complex vector bundles due to Serre [65] and Swan [67] (cf., 
for instance, [41, Theorem 6.18, p. 321). An analogous treatment, with A a 
commutative unital Banach algebra, has been recently announced by 
Kandelaki 137, 381 and more recently by Fujii in [27] (indications of proofs 
are also included in the latter) with /A being still a (commutative) unital 
Banach algebra. (In this respect, cf. [41, 9.33, p. 501). 
Now, as it is the situation with the classical (complex) case (cf., for 
instance, [4, Theorem 3.1, p. 735]), the main step herewith, besides 
Corollary 3.1, is the fact that, for X compact, every object of GYJX) “can be 
completed” to a trivial A-bundle of the form XX A”, for suitable n E IN (cf. 
Theorem 4.1). First, however, we need some more terminology and certain 
auxiliary results (see, for instance, Lemma 4.1). 
LEMMA 4.1. Consider the category> 8*(X) as in Theorem 3.1 with X 
being, in particular, a paracompact space. Moreover, let E, F be any two 
objects of gA(X) and a: E + F a morphism such that the partial A-linear 
maps a,: E, + F, are surjective, for euery x E X. Then, there exists a 
morphism j3: F + E such that 
ao/?=idF. (4.1) 
Proof: Suppose 
a,,~alr.:El,~UxM-tUxN~Fl,, (4.2) 
is the restriction of a on local trivializations of E, F associated with a given 
covering of X (Definition 2.1), where U is a corresponding open 
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neighborhood of some point ?s E X. Hence (Corollary 2.l), there exists a 
continuous map 
Gc : U -+ Horn ,(M. N) (4.3) 
such that & = a[. (cf. (2.14)). Now, since by hypothesis the map a’,,(?~) =
d,.(x) = (a(,), = (cII~,)~ = a,: E, z M- F, z N is surjective, one gets the 
following exact sequence: 
O+ker(a,)--+MaN+O, (4.4) 
so that since NE %Y(&‘), we may write 
A4 s N @ ker(a,) (4.5 > 
(cf. [ 7, Chap. II, Proposition 4, p. 391). Therefore, by an analogous 
argument to that for (3.15), concerning the decomposition of 
Horn&V, N) s Hom.(N @ Ker(a,), N), (4.6) 
one concludes that map (4.3) is equivalent to a pair of continuous maps 
(a,, aI) (cf. (3.12)), i.e., one has 
40) = (al(v), a2(y))7 (4.7) 
with y E CJ, in such a way that a’,(x) = a, = (I,%, 0), namely, a,(x) = 
1, E &‘etA(N) and a*(x) = 0. Consequently (Lemma 3.2), there exists an 
open neighborhood V, of x in X such that 
V,G u and a,(V,) c d&tdN), (4.8) 
so that we further obtain a continuous map 
,8,: V, -+ Hom,&(N, M) 2 Hom,(N, N @ ker(a,)) 
defined by the relation (matrix) 
(4.9) 
Px(J’) := (“‘(Jy ), J’E v,. 
Therefore (Corollary 2.1), there exists a continuous map 
&FI,+ V,xN+ V,XMZEI,.~ 
in such a way that one has 
a,.r 0 Rr = id,.,,, . . * 
(4.10) 
(4.11) 
(4.12) 
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i.e., for every (y, n) E V, x N, one gets (cf. (2.13)) 
ay,&(.h 4) = a&h [P,Wl(4) = a& MWl(n)) 
= (Y? b,(y) alO)-‘l(n)) = (.h n) (by (4.7)) 
i.e., the desired relation (4.12). 
Now, given the open covering of X, (IJ’&~~. as above, there exists by 
hypothesis a locally finite open refinement, say ( Vi)ie,, together with a 
partition of unity, say (v~)~~,, subordinated to the latter covering, so that we 
further define, “fiberwise,” a map p: F -+ E by the relation 
(4.13) 
iel 
with z E F,, where pi(i E I) denotes the (restriction on Vi of the) respective 
map to (4.11) above. 
Thus, (4.13) defines a continuous map (which obviously commutes by 
(4.11) with the respective projections of E, F on X), since for every x E X 
there exists an open neighborhood of it meeting only finitely many of Vi)s, 
while we also have by hypothesis for (vi), qi(x)pi(z) = 0, for every x 66 Vi. 
Besides, for every z E F, with z E F,, one gets 
= $ rliCx) (@i(Z>>) = Z 
i ) 
(cf. (4.12)) 
i.e., the desired relation (4.1). I 
By applying a similar argumentation to that of the preceding proof, we 
can further obtain 
LEMMA 4.2. Let E, F be any two objects of the category k?*(X) within the 
context of Lemma 4.1. Moreover, let a: E + F be a morphism which is 
“fiberwise injective”, i.e., such that the A-linear map a,: E, -+ F, is injective, 
for every x E X. Then, there exists a morphism p: F -+ E satisfying the 
relation 
poa=id,. I (4.14) 
As a consequence Lemma 4.2, one concludes that if a: E -+ F is a 
morphism in k?&(X) as above, which is “‘fiberwise an isomorphism,” i.e., the 
S@-linear map a,: E, +F, is bijective, for every x E X, then a itself is an 
isomorphism in the category gA(X). One actually gets by applying Corollary 
2.1, however, a stronger result, namely, without any restriction on the space 
X. That is, we have 
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LEMMA 4.3. Let E. F be anv two A-bundles over a (Hausdorff) 
topological space X, with A being a locally m-convex Q-algebra with an 
identity element, and let a: E + F be a morphism such that u,: E, + F,, is 
bijective, for etleq, x E X. Then, a is an isomorphism in the category FL(X). 
Proof: Consider the map /?: F -+ E defined (fiberwise) by the relation 
P(z) := a; ‘(z), (4.15) 
with z E F,. Now, we shall prove that /I is a continuous map: Thus, suppose 
that LJ is an open neighborhood of the point x E X, with 
$: El,,+ UX M and ~:FI,,-~UXN (4.16) 
corresponding local trivializations of E, F. Hence, one gets a continuous map 
a,=ylo(aI,l)o~-‘:UxM~UxN, (4.17) 
so that (Corollary 2.1) there exists a continuous map 
6,: U -+ Horn&M, N), (4.18) 
in such a way that, for every x E U, the map (cf. (2.3)) 
~I(~)=(~l)x=(~l),=~,~(~/t~),~~;‘=~Ix~~,~~.~’ (4.19) 
defines, in fact, a unit of the algebra &?~~d&4). Now, since on the open set 
Jet A(M) the inversion is continuous (Lemma 3.2), one gets a continuous 
map 
p’: (I+ Hom,&(N, M): x H /I&x) :=&I,(x)” (4.20) 
and hence (Corollary 2.1) a continuous map 
/kJxN+UxM, (4.21) 
in such a way that one has (cf. 4.19)) 
plr.=&,=$j-’ Jo I(/ (4.22) 
which, of course, proves the assertion for /I, and hence the lemma. m 
Now, by a (continuous) section of a given A-bundle < - (E, rc, X) 
(Definition 2.2), we mean of course a continuous map s: X+ E such that 
n 0 s = id,, (4.23) 
(i.e., a (continuous) “section” of a (cf. [6, Chap. 2, Definition 11, p. 831). 
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In this concern, a basis of E is a finite sequence (s,), GiGn of sections of E, 
such that the sequence (s~(x)),~~(~ constitutes a basis of the A-module 
E, z M, for every x E X (cf. [4, Definition (1.4), p. 7281). We also say in 
this case that the sections si, 1 < i < n, are linearly independent (cf. [41, 5.4, 
P* 221). 
Thus, if (si) is a basis of E, each one of the A-modules M z E,, x E X, is 
actually a free A-module of finite type. Besides, as A is in particular a 
(locally m-convex) Q-algebra (with an identity element), then the map 
h: X x A” -+ E: (x, a) w h(x, a) := i ais,( (4.24) 
i=l 
with a = (ai),.,iGn an arbitrary element of A”, provides in fact an 
isomorphism in F&(X), according to Lemma 4.3. 
Now, we denote by r(X, E), or simply by T(E), the set of sections of a 
given A-bundle { = (E, 7c, X). Thus, denoting by SF(X, A) the (complex) 
algebra of continuous /A-valued functions on X, it is clear that Z(E) is a 
F(X, A)-module with pointwise defined operations. On the other hand, as we 
shall presently see (cf. Corollary 4.2), r(E) is actually, for suitable X, A, an 
object of the category Y(g(X, A)), i.e., a finitely generated projective 
F(X, A)-module. 
In particular, if E is the trivial A-bundle X x A”, for some n E N, then 
denoting by %Y(X, A”) the @(X, A)-module (pointwise defined operations) of 
continuous An-valued functions on X and by considering “coordinate 
functions,” one gets 
T(X, xx A”) E T(X x A”) = qx, A”) = $qx, A)“, (4.25) 
within isomorphisms of F(X, A)-modules, i.e., l-(X x A”) is a finitely 
generated free F(X, A)-module. 
Based on the previous relation (4.24), however, we still have the following 
more general statement (cf. [4, Proposition (1.5), p. 7281 for the case 
A = C): 
LEMMA 4.4. Let A be a locally m-convex Q-algebra with an identity 
element, and E and A-bundle over a topological space X having, a basis 
CSi)lCi<n* Then, every element s E r(E) is uniquely expressed in the form 
n 
s = C aisi 
i=l 
(4.26) 
with ai E SF(X, A), 1 < i < n i.e., T(E) is an n-generated free @Y(X, A)- 
module. 
109/92;2-I2 
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Proof: By hypothesis every s E f(E) admits uniquely the form 
s(x) = f ai St(X)3 (4.27) 
i=l 
for every x E X, with ai E A (i = l,..., n), x E X, so that one has to prove 
that the resulting functions ai, 1 < i < n, are, in fact, elements of @(X, A): 
Now, since this is a “local question,” one is essentially led to the case that E 
is of the form X x M, with ME .?(A), so that by hypothesis and (4.24) one 
gets an isomorphism (in K&(X)), say 
g:xx A”+XXM, (4.28) 
and hence (Corollary 2.1), the following continuous map: 
g: X + Hom,(A “, M) 
,c Pb((A”, An) (cf. (1.15)) 
(II) 
= n Y$(A, An) 2 A” x * - * x A” + A” __* A 
m Pri P’j 
(cf. 3.16)), (4.29) 
n-times 
where the last two maps denote, of course, the canonical projections onto the 
respective factors, i.e., g’(x) is given by the relation (matrix) 
&f(X) = (aij(X)h XEX (4.30) 
with aij E g(X, A), Furthermore, since (4.28) is an isomorphism, one gets 
si(x) = [i(X)] ($, a/j(X) e,(x)), 1 ( i < n, (4.3 1) 
where (ej), <j<n denotes the canonical basis of A” (cf. the second half of the 
proof of Lemma 2.1), and (bjk(x)) E &x)-r, x E X, the matrix corresponding 
to the inverse map of g’(x), with bjk E W(X, A) (cf. Lemma 3.2). Therefore, 
one gets by (4.27) 
S(X)= [&x)1 (? ai (2 bjk(X) e,(d) ) j=l 
and hence (cf. (4.25)) 
(4.33) 
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so that one finally gets 
aj= c ljjiaj=ai, 
‘y, I<i<n, 
(4.34) 
i.e., by (4.30) and (4.33) an element of g(X, A). 1 
Now we come to a fundamental result for the sequel. That is, we have 
THEOREM 4.1. Let X be a compact (Hausdorfl space and A a locally m- 
convex Q-algebra with an identity element. Then, for every object E of the 
category Z*(X), there exists an object FE g*(X) and a natural number n 
such that one has 
E@F=XxA”, (4.35) 
within an isomorphism in gA(X). 
Proof. Let (Ui)r(i<k be a finite open covering of X associated with a 
given atlas of an object E E GYA (X) (Definition 2. l), and 
~-‘(ui)~El,,izuiXMi, I<i<k, (4.36) 
the respective trivializations of E. Moreover, let n, (i = l,..., k) be positive 
integers corresponding to a number of generators of the A-modules Mi, with 
1 < i < k, and finally let (17~)~~~~~ be a partition of unity, subordinated to the 
above covering (Vi) of X (cf. [20, Theorem 4.2, p. 1701). 
Now, by considering the trivial A-bundles 
XXA”’ (i = l,..., k) (4.37) 
suppose that (~j),<,(,~ are corresponding bases, with 1 < i Q k, in such a 
way that the sections 
(Vis31</<n, (4.38) 
with 1 < i < k, can be extended trivially outside of Ui, by still remaining 
linearly independent sections of V, X A”‘, with Vi = q;‘((O, I]), 1 Q i < k. 
Furthermore, suppose that 
lpi: A “i-+Mi (i = l,..., k) (4.39) 
are canonical epimorphisms corresponding to the preceding bases (s/), so 
that we actually have the maps 
Ji: Vi + HomA(Ani, M) 5 M,,(A): x t+ J{(x) 
:= (#i(s/(x)))l <j<n, (cf. (1.15)) (4.40) 
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(cf. also (7. Chap. II, Corollary 3. p. 25]), which are, of course, continuous 
by hypothesis for (si) and Corollary 1.1 concerning (4.39). Thus (Corollary 
2.1). one gets the continuous maps 
tii E vi: Vi X A”’ + Vi X lWi* (4.41) 
with 1 < i < k, such that (cf. (2.13)) 
vi(X, a) := 
i 
X, + tZj$i(S{(X))), 
,r, 
With aE (a,j), <j<ni E Afli. Therefore, by setting 
k 
*s K‘ ni and u: = fji(lyi 0 s{), 
i=l 
(4.42) 
(4.43) 
we get a morphism 
given by the relation 
a:XXA”-+E, (4.44) 
a(x, a) = t ~~uj(x) 
i=l 
(4.45) 
for every a E (ai), GiSk E A”. 
Consequently, by the preceding and the hypothesis for the trivial A- 
bundles (4.37), we conclude that each one of the partial A-linear maps 
a,: (X x A’“), z A” + E, (4.46) 
with x E X, is an epimorphism, so that (Lemma 4.1) there exists a morphism 
p:E+XxA” (4.47) 
with a op=idE, i.e., a section (morphism) of a, in such a manner that the 
morphism 
p=poa:XXA”+XXAn (4.48) 
is a projector, so that let FE ker(p), hence (Theorem 3. l), an object of 
FJX). 
Now, by considering the respective Whitney sum of E, F one gets a 
morphism 
g:E@F+XxA”, (4.49) 
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with g E /I @ i, where i: F = ker(p) 5 X x A” denotes the respective 
canonical injection (cf. Theorem 3.1 in connection with Remark 3.2). Thus, 
the partial A-linear map 
g,~Caoi),=P,Oi,:E,OF,~an, 
with x E X, is an isomorphism, according to the exact sequence 
(4.50) 
O-tF,~ker(p,)~A”~E,~O (4.51) 
by taking into account (4.46) and the fact that E, E Y(A) (cf. [7, Chap. II, 
Proposition 4, p. 391); hence, one also obtains 
E, z ker( 1 -p,), x E x, (4.52) 
(see also [7, Proposition 15, p. 201). Therefore (Lemma 4.3), g is, in fact, an 
isomorphism in gA(X), i.e., we actually have the desired relation (4.35). fl 
Now, denote 2?:(X) the category of trivial A-bundles over the topological 
space X of the form 
XXAn, (4.53) 
for some positive integer n. It is clear that this is a full subcategory of gA(X) 
(cf. [32, p. 431 for the terminology applied) and, besides, an additive 
category (cf. the proof of Lemma 3.1). 
On the other hand (see [41, Theorem 6.10, p. 29]), for every additive 
category V, there exists a pseudodbelian category @ and a fully faithful 
additive functor 4: @ -+ 0, which is “universaP’ for additive functors into 
pseudo-Abelian categories (the pair (G?, 4) being, moreover, unique within a 
category equivalence). 
In particular, the “factorizing functor” becomes a category equivalence, in 
case the given additive functor v: @ + B is fully faithful and, moreover, 
every object of (the pseudo-Abelian category) 23 is a direct factor of an 
object in the image of i+~ [41, Theorem 6.12, p. 301. 
Thus, as a consequence of the preceding we now have 
COROLLARY 4.1. Let a:(X) be the previous defined category, with X 
and A satisfying the conditions of Theorem 4.1. Then, cY’~(X) is equivalent to 
the pseudo-Abelian category associated with a:(X), i.e., one has 
K$@) = &(X) (4.54) 
within an equivalence of categories. 
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Proof: If F E Pi(X) and 2 = &(X) (cf. Corollary 3.1), and v: V + V 
is the inclusion functor, then by the previous Theorem 4.1 we are actually 
within the framework of the last comments above, so that the cited result in 
[4 1 ] provides, in fact, the relation (4.54). 1 
Furthermore, since every object in .?(A) is a direct factor of ,A”, for some 
n E Y (cf. [7, Chap. II, Corollary 1, p. 40]), a similar argumentation with 
the preceding one shows that the (pseudo-Abelian) category 9@) (cf. [7, 
Chap. II, Proposition 3, p. 391, as well as Lemma 1.1 in connection with 
Corollary 1.1) is equivalent to the pseudodbelian category associated with 
p(A), the category of finitely generated free A-modules, i.e., one has 
I;/‘(A) = .FyA) (4.55) 
within a category equivalence. (The last equivalence is valid, of course, for 
any m-convex (topological) algebra A, if any topology is to be considered on 
A; cf., however, Scholium 4.2 in the sequel, as well as [41, Theorem 6.16, 
Pm 311). 
On the other hand, by considering the section jiinctor r, sending each 
object E of Z$,(X) to the respective A-module (in fact, V(X, A)-module) of 
sections r(X, E) = T(E), one gets, by restricting f to a:(X) and based on 
(4.25), an additive finctor 
r,: a;(x) -+ qqx, A)) (4.56) 
(we apply the notation of (4.55)), in such a manner that by further applying 
r on (4.35) one obtains: 
T(E @ F) = Z-(E) @ l-(F) = F(X, A)” (4.57) 
(r is, of course, still additive on gA(X)), so that f(E) is an object of 
P(V(X, A)) for every E E gA(X) (cf. [ 7, Chap. II, Corollary 1, p. 40]), with 
X, A satisfying the conditions of Theorem 4.1. _ 
By the preceding we have actually proved the following result, which has 
already been promised at the beginning of this section: 
COROLLARY 4.2. Suppose that X, A satisfy the conditions of Theorem 
4.1. Then, the “section functor” yields an additive functor 
l-z 8JX) + 9(U(X, A)) (4.58) 
whose restriction to the full subcategory a,‘(X) is given by (4.56). I 
Now, it is the objective of the next fundamental result to establish, via the 
same functor I- and for suitable X, A as above, the equivalence of the 
categories appeared in (4.58). That is, we have 
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THEOREM 4.2. Let X be a compact (Hausdorfl) space and @(X, A) the 
(complex) algebra of continuous functions on X with values in a locally m- 
convex Q-algebra A with an identity element. Then, one has 
~A@3 = n+w, A)), (4.59) 
within a category equivalence provided by the section functor. 
Proof By (4.25) the functor Tr defined in (4.56) is, in fact, surjective. 
On the other hand, for any morphism 
a:XXA”-+XXA” 
one gets, by Lemma 2.1, a continuous map 
(4.60) 
a’: x+ P&4”, Am) z M,,,(A), (4.6 1) 
which actually coincides with the matrix-valued map, representing the 
morphism P,(a), i.e., one has 
Ua) = (a,,) E ~,,,F(X W 
in such a way that the map 
(4.62) 
X I--+ M(X) E (a,(X)), x E x, (4.63) 
coincides, in fact, with (4.61). Thus, as a consequence of the same Lemma 
2.1, the additive functor Tr (Corollary 4.2) is fully faithful. Hence r, is, in 
particular, a category equivalence (cf., for instance, [4, Proposition (l.l), 
p. 41 or yet [41, p. 3071). 
Now, let Q E a:(X) and Q E Y(GF(X, A)), and moreover consider the 
functor IJI: 4-+$? such that w= io T,, where i:.Sf(5F(X,A))+GS is the 
respective inclusion functor. Thus, one gets the following commutative 
diagram (cf. also (4.52) and (41, proof of Theorem 6.10, p. 291) 
(4.64) 
so that v/ is an additive functor of G? into the pseudo-Abelian category 
b(Q(X, A)) = GZ, and hence r coincides (within an isomorphism) with the 
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functor w’: ‘FF + 2’ factorizing v (cf. [41, Theorem 6.10, p. 291 and/or the 
comments before Corollary 4.1 above). Besides, the additive functor 
v 3 i o r, is fully faithful, being a composition of similar functors, in such a 
way that every object of 9 is a direct factor of an object in the image of t+v, 
which essentially means that every object of 4’ is a direct factor of some 
object of Y’(F(X, A)),C I/ that is certainly the case (cf. (4.25) and 
17. Chap. II, Corollary 1. p. 41]), so that by [41. Theorem 6.12, p. 301 r 
constitutes. in fact, a category equivalence. I 
Scholium 4.1. Within the context of Theorem 4.1, it is a byproduct of its 
proof that, for every object E of Z,b(X), one has the relation 
E z ker(p), (4.65) 
where p is a projector in Z’,‘(X), i.e., a morphism 
p:XXA”+XX A”, (4.66) 
with p’ =p, for some n E N (cf. the relation (4.25)). Now, by Lemma 2.1, 
map (4.66) defines a matrix 
p’ E (aij) E M,(F(X, A)), (4.67) 
such that (fi)’ =p’ (cf. (2.19)), and in such a manner that 
ker( p’) E “i”(g(X, A)), (4.68) 
i.e., (4.68) is the finitely generated, projective V(X, A)-module associated 
with the given object E of Fb(X) via the section functor r (cf. (4.64)). 
Conversely, if M is an object of ..Y(F(X, A)), then (cf. [7, Chap. II, 
Corollary 1, p. 40]), there exists a projector p E Pnd,(g(X, A)“), for some 
n E kl. with ME ker(p). Thus. one gets a continuous map 
via the respective constant maps a 3 (aJlciGn E A”, i.e., one has 
-(4.70) 
for every (,K, a) E X x A”. Hence p’ is, in fact, a morphism in a:(X) with 
(~3’ =J?, so that (Theorem 3.1) its kernel is an object of ZA(X). 
The above l-l correspondence (within isomorphisms) which is, in fact, a 
clarification of the relation (4.59), based on the proof of Theorem 4.1 and 
Lemma 2.1, is further expressed by considering the Grothendieck group of 
F,(X), as this is explained in the next Section (cf. relation (5.1)). 
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Scholium 4.2. By an A-convex algebra, we mean a locally convex 
(topological) algebra A whose topology is defined by a fundamental system 
of “absorbing semi-norms,” say, r= (p) (hence the terminology); in this 
concern, one means by the last notion that every semi-norm p E r satisfies 
the relation 
p(m) < 1 . p(x) h-w. Axa) <p . p(-u)), x E /A, (4.71) 
for every a E A, with A, p being positive reals depending on p and a (cf. [ 151 
and/or [55, Chap. I, Definitions 4.2, 4.31). 
Now, for such a system of semi-norms on a (complex) algebra A having 
an identity element, it is easy to see that every element u E L,(A”, Am) is, in 
fact, continuous: The assertion is indeed an immediate consequence of the 
previous relation (4.71) and the argumentation applied in the proof of 
Lemma 1.1; it is convenient, for instance, to take equivalently as the 
respective formula to (1.5), the relation 
(4.72) 
for every a E (ai) E A”, with p E r. 
On the other hand, the crucial fact for the foregoing concerning Theorem 
1.1 was that M,(A) is a Q-algebra for a given Q-algebra A having, moreover, 
contilnuous inversion (on its group of units), if this is the case for A (cf. 
Lemma 3.2). 
Now, since by [68, Corollary 1.2, p. 2031, this is always the case for any 
topological ring whatsoever, satisfying the corresponding conditions, one 
finally concludes: 
The preceding theory is actually valid for any A-convex Q- 
algebra with an identity element having, besides, continuous 
inversion or yet, equivalently, for any A-convex Waelbroeck 
algebra. (4.73) 
(For the terminology applied cf., for instance, [55, Chap. I, Definition 6.41). 
Thus, we do not necessarily assume any commutativity for the given algebra 
A., not even completeness except, of course, of the “amount of completeness” 
that A already has as being a Q-algebra (it is, namely, advertibly complete: 
cf. [55, Chap. I, Theorem 5.41). 
This is not the case in the next Section, however, where the topological 
algebras considered will be at least commutative complete locally m-convex 
ones (cf., for instance, Theorem 5.1). 
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5. THE GROTHENDIECKGROLJP OFTHE CATEGORY g@(X) 
Following the general pattern concerning the definition of the 
Grothendieck group K(q) for any given additive category Q (cf., however, 
[5, Definition, p. 91. as well as [41, 1.7 and 1.14, p. 53ff]), we denote by 
K&XC) the Grothendieck group of the additive category 8*(X) (Lemma 3.1) 
i.e., we set by definition 
Km = fv*aQ)* (5.1) 
Thus, according to the general definition, KA(X) is the free (Abelian) 
group generated by the Abelian monoid of isomorphism classes of A-bundles 
over a given topological space X, with composition defined via the “Whitney 
sum” (cf. (3.5) and [41, 1.7, p. 531). 
On the other hand, for any given ring A with an identity element, we 
denote by K(A) the Grothendieck group of the (additive) category Y(A) of 
finitely generated projective A-modules (and A-linear maps as morphisms), 
namely, we still set by definition 
K(A ) = K(9(A)). (5.2) 
Thus, within the framework of the preceding theory and, in particular, 
under the hypothesis of Theorem 4.2, as an application of (4.59), one gets 
the following relation: 
Km = zw(X, A)) (5.3) 
within an isomorphism of (Abelian) groups (cf. [41, 1.11, p. 541). 
Now, suppose that A is a commutative complete locally m-convex Q- 
algebra with an identity element and whose spectrum ‘B(A) is, therefore, a 
compact (Hausdorlf) space (cf. [55, Chap. III, Corollary 5.5]), so that the 
respective Gel’fand map of A 
.v: A + 5T”(rn(A)) (5.4) 
is a continuous morphism for the (complex) topological algebras involved 
155, Corollary 5.41. 
Thus, it is a consequence of [ 53, Theorem 5.4, p. 25 1 ] that the “extension 
of scalars” functor 9 associated with the Gel’fand map of A (cf. [41, 
Remark 1.12, p. 541) becomes, in fact, an equivalence for the respective 
categories, i.e., we have 
9’(*1= mww))h (5.5) 
within a category equivalence provided by .!?. (In this concern, we note that 
VECTORBUNDLES ANDK-THEORY 485 
the type of topological algebras we considered above suffices, in fact, to get 
the main results in [53] by applying more closely the argumentation of (241. 
The technique considered already in [53] is more akin to that of [62], the 
resulting (lk)-algebras [53] being, however, applicable to some other context 
(see [54]). Besides, the latter are essentially algebras of the preceding type; 
cf. the comments following Definition 9.3 in [55, Chap. IV]. 
Now, by considering the respective Grothendieck groups in (5.5) one gets 
K(A) = a~PJw))) = WJW)), (5.6) 
within isomorphisms of (Abelian) groups, the last one being provided by the 
classical Serre-Swan theorem (i.e., Theorem 4.2 above for A = C). Namely, 
continuous finite-dimensional (complex) vector bundles over a compact space 
X are “algebraic” relative to any commutative complete locally m-convex Q- 
algebra A with an identity element, the spectrum !UI(a) of which is homotopic 
to X (cf. also [25, Corollary, p. 2251 and relation (6.11). In this concern, see 
also [79, Theorem, p. 2801 as well as [82, Remark (2), p. 2601. 
The foregoing yields the following “parametrization” of (5.6): 
THEOREM 5.1. Let X be a compact (Hausdorff) space and a a 
commutative complete locally m-convex Q-algebra with an identity element, 
and IIR(A) the spectrum of A. Then, one has the relation 
KA(X) = K(X x m(A)) (5.7) 
within an isomorphism of the respective (Abelian) groups. 
Thus, stated otherwise, the category of A-bundles over a compact space X 
is (equivalent to) that of complex vector bundles over the compact space 
XX !DI(A), where !UI(A) is the (compact) spectrum of a commutative 
complete locally m-convex Q-algebra A with an identity element. 
Proof. By hypothesis for A the topological algebra %Y(X, A) is again a Q- 
algebra of the same type with A, as this follows by the relation: 
U(X, A) = sqx) @ A (5.8) t 
(see [55: Chapt. VI; Theorem 4.11; the commutativity of A is here of impor- 
tance, concerning the property of being the algebras involved Q-algebras: see 
ibid.; Chapt. II; Corol. 6.6 as well as Chapt. VI; Lemma 5.3). Now, the 
spectrum of (5.8) is given by 
~(WX, A)) = %Jl 
( :) 
a(x) 0 A = !ul(sqX)) x IDI =x x 9x(A) (5.9) 
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within homeomorphisms (cf. 155, Chaps. III and VI, Corollaries 9.2 and 
5.11). Therefore. one gets by (5.3) and (5.6) 
K,&(X) = K(F(X, SE), = KpJl(~(X, A))) 
= K(X x !IJI(!d)) (by (5.9)) (5.10) 
i.e., the desired relation (5.7). 1 
On the other hand, one further obtains the following “vectorization” of the 
classical formula concerning “Bott periodicity” (cf., for instance, (4 1, 
Theorem 24.5.1, p. 1821 and/or 131). That is, we have 
THEOREM 5.2. Let the conditions of Theorem 5.1 be satisfied concerning 
X. A. Then, one has the relation 
Km(X~S’)=K,fi(X)@K(S’) 
within an isomorphism of (Abelian) groups. 
Prooj Namely, we have 
(5.11) 
K,~(XxSZ)=K(XxS2xfDZ(~))=K(Xx!JJI(~)xS’) (by 5.7)) 
= K(X x !JJI(n)) @ K(S’) (“Bott periodicity”) 
= K,,(X) 0 K(S’) (by (5.7) again), 
i.e., the desired relation (5.11). 1 
As an application of the preceding formula (5.11) we may state 
COROLLARY 5.1. Suppose that A, 8 are topological algebras of the type 
considered in .Theorem 5.1 and let either one of the spectra m(A), !JR(S) of 
the given algebras have the homotopy type of a 2 sphere. Then, for eoeg 
compatible censorial topology r on A @ B [55 ), one has the relation 
K (,A. @ B ) = K(A) @ K(B) 
’ r ’ 
within an isomorphism of the respective Abelian groups. 
ProoJ By [55, Chap. VI, Lemma 5.31, the algebra A &,, iB is a 
commutative complete locally m-convex Q-algebra with an identity element, 
so that by (5.6) and [55, Chap. III, Corollary 2.11) one has 
K@)=K (m @5))=K(w (in?B))=K(q~)x!UI(Uq)= 
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([55, Chap. VI, Theorem 5.1) and by (5.11) for /A = C and the hypothesis; 
cf. [41, Theorem 1.25, p. 561) 
KC’JW)) 0 VW)) = K(A) 0 K(B) (by (5.6) again), 
which proves the assertion. 1 
Besides, as another consequence of (5.7), one gets 
COROLLARY 5.2. Let X, A satisfy the conditions of Theorem 5.1 in such 
a way that 93(A) is, moreover, a contractible space. Then, one has within an 
isomorphism (of groups) 
Ka(X) = K(X). m (5.13) 
At this point we may also refer to a possible form of a generalized Morita 
equivalence (cf. [41, Theorem 4.4, p. 138]), in the sense that the pseudo- 
Abelian Waelbroeck category FA(X) ( see Corollary 3.1 and Lemma 7.1) is 
equivalent to the category F.(n) whose objects are pairs (E, p) with 
E E Ob(Ee,(X)) and p: M,(A) + End(E) is an A-algebra morphism (we 
assume A to be commutative) which “commutes with the endomorphisms of 
E”; cf. (7.30). In this respect, see also [39, Corollary 2, p. 311. 
Now, a particular case of the situation described by the hypothesis for the 
algebra A above is, of course, that when A is a commutative complete locally 
m-convex local algebra (its spectrum mm(A) is a singleton), which is certainly 
a Q-algebra (cf. [55, Chap. II, Corollary 6.61, as well as [56, Theorem 1.11). 
On the other hand, as a consequence of (5.6) one concludes that for 
algebras A satisfying the conditions of Theorem 5.1 and having, moreover, a 
contractible spectrum ‘lUl(/A), finitely generated projective A-modules are, in 
fact, free (cf. [24, Sect. 4.1, p. 141). Such an algebra A is, for instance, the 
algebra g;(X) (complex valued 6” -functions) of a compact contractible 
q”“-manifold X (see [55, Chap. II, Scholium 10.1, Chap. III. Lemma 9.71). 
6. TOPOLOGICAL GEOMETRIC SPACES 
By definition a topological geometric space consists of a pair (X, d), 
where X is any (Hausdorff) topological space and S/ a sheaf of topological 
algebras on X (i.e., a sheaf generated by a topological algebra presheaf on X, 
cf. [49, 561). For the terminology applied herewith, cf. also, for instance, 
[ 16, Definition 1.4.1, p. 116; 69, p. 57ff]. 
On the other hand, a given topological algebra A is said to be a 
topological geometric algebra (or yet sheaf representable or schematic), if it 
is isomorphic to the algebra of global sections of a topological geometric 
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space “over its spectrum” YJI(/a). An important example is, of course, a Stein 
algebra (cf., for instance, [50, Sect. 41). 
Now, it has been proved in 156. Theorem 9. I ] that every Ptdk gilor Q- 
algebra with an identity element is schematic. An example of such an algebra 
is V * (X), the algebra of (complex-valued) infinitely-differentiable functions 
on a compact (2nd countable) finite-dimensional differential manifold X 
endowed with the canonical W”O-topology” (cf. (55, Chaps. II and III, Exs. 
10.2 and 9.2)). 
Thus, the pair (X, F,:) constitutes a topological geometric space. with F;F 
denoting the sheaf of germs of (complex-valued g’“-functions on X as above, 
this pair being also the restriction to 
X? !JJl(Fm(X)) = max Ff(X) (6.1) 
(cf. (55, Chap. III, Lemma 9.71) of the afJine scheme Spec G?‘“(X) (cf., for 
instance, 130, Definition, p. 741) determined by the algebra gW(X) (cf. also 
156, Sect. 91). 
The preceding is actually subsummed within the following more infor- 
mative statement concerning the class of topological algebras considered in 
1561. That is, we have 
THEOREM 6.1. Let A be a Ptdk-&lov Q-algebra with an identity element 
(hence a schematic algebra [56]), and let (X, &) be the associated 
topological geometric space. Then, for every positive integer n the following 
three sets are canonically equivalent: 
(1) The set of isomorphism classes of n-generated projective A- 
modules, denoted by .Yn(A). 
(2) The set of isomorphism classes of locally free sheaves of d- 
modules of rank n on X. 
(3) The set of isomorphism classes of ,d-vector bundles of rank n over 
x. 
That is, bJj applying standard notation, one has the relations 
.c(A) = H’(Spec A, .%F(n, Spec A)) = H’(X, .%‘P(n, M)), (6.2) 
within bijections. 
Proof: It is a standard fact that one has the relation 
.Yn(A) = H’(Spec A, .%9(n, Spec A)) (6.3) 
within a bijection, where SpecA denotes, by an obvious abuse of notation, 
the (local) ringed space 
(Spec A, A) (6.4) 
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defined by the (prime) spectrum of A, the second member of (6.3) denoting 
the set of isomorphism classes of locally free sheaves of ?i-modules of rank n 
over Spec A (cf. [30, Proposition 5.2, p. 110; 9, Theorem 1, p. 1091). On the 
other hand, one gets 
Al -d %ll(A) - L (6.5) 
by the very definition of ~2 (cf. [56, Sect. 9]), so that the set of isomorphism 
classes of .&-vector bundles over W(A) = X ([56, Theorem 9.11) of rank n 
is, in fact, (isomorphic to) the set H’(X, .YIP(n, &)). 
Now, since A is a Gel’fand-Mazur topological algebra (cf. [55, Chap. IV, 
Definition 9.5]), it still follows by the hypothesis for A that the conditions of 
[45, Remark 3.2, p. 2021 are satisfied, so that [45, Lemma 3.2, p. 2031 one 
actually gets by (6.5) the equivalence of the last two sets in (6.2), which of 
course proves the assertion (cf. [ 11, Corollary 2.3.2.1, p. 2751). I 
Now, by referring to the example of the topological geometric space 
(X, ‘Rx”) considered above, one gets as a consequence of (6.2) the ‘Y?‘- 
analogue” of Swan’s theorem for the case of a compact Q”-manifold X (cf. 
also the relevant comments in [45, p. 2031, as well as [57, Theorem, p. 891). 
In this respect, we still can get a “vectorization” of the previous situation 
by considering a topological geometric space of the form 
(X, g’x” &A), (6.6) 
where the respective “structure sheaf’ is the “e-tensor product” (cf. [55, 
Chap. VI, 2, App.]) of the sheaf g? with a Frichet-Silov Q-algebra A. 
Thus, by [52, Corollary 2.1 and the comments following it, p. 3371 one has 
l-(X, @F&A) = ,iF”(X) @ A, (6.7) 
within an (algebra) isomorphism, so that [55, Chap. VI, Theorem 10.6 and 
Lemma 5.31 the second member of the last relation defines a Frechet-Silov 
Q-algebra with an identity element as well. 
Now, by applying the notation of (6.5) one gets the relation 
within an isomorphism of the sheaves involved, the last one being the E- 
tensor product of the sheaves UF and & as in (6.2) (cf. (49, (2.2), p. 2181 
and/or [14, App., p. 1811 as well as [29, Corollary (1.3.12), p. 881 in 
connection with [ 56, Theorem 2.1 I). Thus, by still applying (6.2) one obtains 
.qP(X, A)) = H’(X x w(m), s=Lc?(n, a;Ed)). 
within a bijection (cf. (55, Chap. VI, Theorems 4.2 and 5.21). 
(6.9) 
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The preceding has, of course, a direct bearing on the standard situation 
provided by the relations 
holding true within an isomorphism of the respective topological algebras, 
with X, Y being two given compact F” -manifolds as above (cf., for instance, 
[70, Theorem 40.1, p. 4151). 
We close the section with the following result, an application of the 
reasoning involved in relation (5.5). That is, we have 
THEOREM 6.2. Let X be a compact (2nd countable) n-dimensional q’““- 
manifold. Then, by applying the notation established so far, one has 
~(P(X)) = .-P(%yX)), (6.11) 
within a category, equivalence provided bv the ‘<extension of scalars” functor 
.% corresponding to the GelZfand map of the (Frechet-&lov Q)-algebra 
~yx). 
Proof: The assertion is a straightforward consequence of the argumen- 
tation applied for relation (5.5) and of [55, Chap. III, Lemma 9.71. On the 
other hand, concerning our claim for the algebra V”‘(X) see [55, chap. II, 
Scholium 10.1, as well as the comments before Lemma III, 9.61. 1 
The preceding should be compared to [S 1, Remark, p. 4931 as well as the 
comments following (5.6) above. 
7. CHERN CHARACTER FOR &VECTOR BUNDLES 
By considering the category .?(A) within the context of Lemma 1.2, we 
may regard it as a locally convex category’, i.e., an additive category 5~7 
endowed with a locally convex space structure in the sense that for every pair 
(E, F) of objects in g the corresponding group %F(E, F) (set of morphisms) 
is provided with the structure of a (complex) locally convex space, in such a 
way that the “composition of morphisms” 
F(E, F) x Q(F, G) -+ g(E, G) (7.1) 
yields a continuous bilinear map. (Extension to our case of the notion of a 
Banach category [41, Definition 2.1, p. 591,) 
Thus, our claim for T(A) is, in fact, a consequence of Corollary 1.1 (cf. 
( 1.15), together with the comments following its proof. 
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In this respect, a functor 
qk <P(A) -+ .9(A) (7.2) 
is said to be continuous, if for every pair (M, N) of objects in .?(A) the 
corresponding map 
4z,r.,v: Hom.dM N --) Hom&VO 4(N)) (7.3) 
is continuous. 
Thus, to every continuous functor as above it is possible to associate a 
functor 
4(X) = 4’: &(X) + F&q (7.4) 
(“e.utension of $ fo Pfi((x)“) of the category of A-vector bundles into itself (cf. 
Section 3), in such a way that for every A-vector bundle r = (E, rc, X) one 
defines 4’(l) = (E’, rc’, X) by the relation 
E’ := 1 #(E,), 
.VE.Y 
(7.5) 
with rt’ being the obvious projection. The functor 4’ reduces, of course, to 4 
when X is restricted to a point. In this concern, the space E’ defined by (7.5) 
becomes an A-vector bundle, as one proves based on Lemma 2.1 by 
extending within the present context the analogous procedure for complex 
vector bundles as given by (41, Lemmas 4.4-4.6, p. 18 and 191. 
Thus (cf. [41. 4.7, p. 20]), by considering the functor 
(M, IV) + Hom,&(M, N): ,?(A)” x Y(/A) + Y(A) (7.6) 
(.?(A)’ denotes th e category of right A-modules, which are finitely generated 
and projective; cf. also [7, Chap. 2, Corollary 2, p. 40 as well as Remark 2, 
p. 35 ], one defines the functor A-vector bundle of morphisms, i.e., 
$h(X)(E, F) s 347orn (E, F), (7.7) 
for every pair (E, F) E ZA(X)” x ZA(X) (the first factor means the category 
“modeled” after Y(A)“), whose fiber at x E X is given by 
Z&.W (E, F), := HomA(EJ, F,). (7.8) 
On the other hand, for any such pair (E,F) one defines the set of 
morphisms of E into F, denoted by Hom(E, F) (cf. also (3.3)), which by 
fiber-wise defined operations becomes an A-module (cf. also the argumen- 
40919212.13 
492 ANASTASIOS MALLIOS 
tation concerning the functor (7.6)). Now, by still applying Lemma 2.1 (cf. 
141, Theorem 5.9, p. 23]), one verifies that the functors 
(E, F) + Hom(E, F) (7.9i) 
(E, F) + T(X, A%+-72 (E. F)) (7.9ii) 
from F&(X)” x Z&(X) into the category of A-modules are isomorphic, i.e., one 
has 
Horn&, F) = r(X, Z&Z (E, F)) (7.10) 
within an isomorphism of A-modules. Furthermore, as an application of 
Theorem 4.2, one obtains (within linear isomorphisms) 
HomE F) = How,,,,, (z-(X, E), T(X, F)) 5 qx, A),., (cf. (1.15)), 
(7.11) 
so that (Lemma 1.2) either one of the sets appeared in (7.11) is uniquely 
endowed with the structure of a locally convex space, given that ‘8(X, A) is 
in the “compact-open topology” a locally m-convex algebra (with an identity 
element), hence a locally convex space. 
In particular, in case X is a compact space and A a commutative complete 
locally m-convex Q-algebra with an identity element, then the relation 
(7.12) 
valid within a topological algebra isomorphism (cf., for instance, [55, Chap. 
VI. Theorem 4.11 or [51, Lemma 4.1, p. 478; and 47, Proposition 4.2. 
p. 1791). See also 155, Chap. VI, Lemma 5.31; commutativity of the algebras 
involved is of importance here due to ([47, Lemma 2.2, p. 1741 or [55, Chap. 
III, Lemma 5.3]), provide F(X, A) with a similar structure to that of A; 
thus, for every object E of F&(X) the set of automorphisms of E, denoted by 
Auf(E), is an open subset of End(E), the latter being, in fact, a (locally 
convex) Q-afgebra (cf. Lemma 3.2) with a continuous inversion (Waelbroeck 
algebra), a fact which, of course, holds always true in case of a Banach 
algebra A,, even not necessarily commutative, and which is of a fundamental 
importance for the sequel. 
Now, in order to deal with the noncommutative case, still within the 
present context, we shall assume below that for X compact and A a complete 
locally m-convex Q-algebra with an identity element, the following relation 
holds true concerning the Gel’fand map of the (locally m-convex) algebra 
P(X, A), i.e., 
3 -‘(%7(x x !m(A))*) s 97(X, A)* (7.13) 
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where “ *” denotes the group of the invertible elements of the respective 
algebras. Thus, by hypothesis for A, @(XX !BI(A)), is a Banach algebra, so 
that the relation 
!JJl(Q(X, A)) =x x m(A), (7.14) 
holding true within a homeomorphism (cf. [55, Chap. VI, Theorem 5.21) 
and the continuity of the respective Gel’fand map 
.-+-:~(X,A)+Q(Xx9Jq4)) (7.15) 
(see [55, Chap. VI, Theorem 9.31 in connection with Scholium 9.1, as well 
as [55, Chap. III, Corollary 5.41) guarantee that, under condition (7.13) 
‘;a(X, A) is a (locally m-convex) Q-algebra (with continuous inversion; cf. 
[55, Chap. I, Lemmas 5.4 and 6.31). 
Therefore, based on (7.1 l), one already has 
LEMMA 7.1. Let X be a compact (Hausdorfl) space and A a complete 
locally m-convex Q-algebra with an identity element satisfying, moreover, 
(7.13). Then, gA(X) (cf. Section 3) is a Waelbroeck category. m 
In this concern, by a Waelbroeck category we mean a locally convex 
category P in such a way that for every object E of g the (locally convex) 
algebra End(E) of continuous endomorphisms of E is a Waelbroeck algebra 
(cf. (4.73)). 
It is clear by the preceding discussion that every Banach category in the 
sense of [41, Definition 2.1, p. 591, is a Waelbroeck category. On the other 
hand, the preceding context (Lemma 7.1) reveals the situation that seems to 
be what we actually need in the sequel (cf., for instance, (7.25)). 
Finally, regarding the kind of topological algebras considered by (7.13), 
we still note that a similar technique (actually for topological rings) has been 
applied by [68, p. 2041 or [22, Theorem 1, p. 6231. 
Now, for every pair (X, Y) consisting of a compact space X and a closed 
subspace YE X, consider the (restriction) functor 
g:~~(X)j~~(Y):EjO(E):=El,-E,. (7.16) 
Thus (cf. (7.11)) the map 
Hom(E, F) + Hom(E,, FY) (7.17) 
is (within linear isomorphisms) identical with the map 
Hom,,,,&(X E), W, F)) --t Homq,,,A,(~(K EY), r(K FY)), (7. IF) 
each one of the two “morphism sets” in (7.18) being identified with a 
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subspace of some finite product of q(X, :A,) (cf. (1.15)), map (7.18) being, in 
fact. the restriction of an A-linear map between the latter free ‘t-modules. 
hence (Corollary 1.1) continuous (cf. also (4.57)). Therefore, (7.16) defines a 
continuous linearfincror, i.e., an additive functor (cf. Lemma 3.1) for which 
(7.17) is a continuous linear map with respect to the locally convex space 
structures implied by the categories involved (cf. (7.1 I); an extension to the 
present setting of a Banach functor in the sense of [41, p. 6.01). 
In particular, in case X is a compact metrizable space, (7.16) defines a full 
functor, i.e., the map (7.17) is surjective: The assertion is, in fact. an 
application of the Tietze-Dugundji extension theorem (cf., for instance, 135, 
Theorem 4.1, p. 571). As an application of the preceding technique, one can 
extend [41, Theorem 5.71 to our case and hence also [41, Theorem 5.10, 
p. 241. 
Finally, the functor (7.16) is quasi-subjective, i.e., every object of F’,(Y) is 
a direct factor of an object of the form 4(E), for some E E Z&(X) (cf. also 
141. Definition 2.6, p. 601: Namely, if F E Z&(Y), then by Theorem 4.1 there 
exists F’ E q*(Y) with F @ F’ g X x A”, for some n E N. Therefore, if 
E = X x b” E e,:(X), one obviously gets 
F@F’z Yx A” =(qE)=XX AnI)., (7.19) 
i.e., the assertion. 
Now, given the locally convex categories P and g’, let 
@F’F’ (7.20) 
be a quasi-surjective continuous linear functor. We denote by r(4) the set of 
triples (E, F, a), where E, F are objects of p and (r: 4(E)-+ 4(F) an 
isomorphism. 
On the other hand, a triple (E, F, a) is called elementary in case E = F 
and a is homotopic to id,(,) (with respect to the locally convex space 
topology of End($(E))); besides, given the triples (T f (E. F, cf) and 
0’ s (E’, F’, (x’), one defines their sum by 
u+u’-(ECTJE’,F@F’,aOa’). (7.21) 
Finally, the given triples 0 and u’ as above are called isomorphic, in case 
there exist isomorphisms f: E -+ E’ and g: F + F’ in such a way that 
O(g) 0 a = a’ 0 O(f ). (7.22) 
Thus, we now set 
K(B) = WY-9 (7.23) 
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where the equivalence relation “m” is given by 
u * u’ iff there exist elementary r, r’ such that 
u + T r u’ + r’ (cf. (7.22)). (7.24) 
We denote the equivalence class in K(4) of an element u = (E, F, a) E r(4) 
by d = d(E, F, a). Thus, K(4) under (7.21) becomes an Abelian monoid. 
In particular, by letting S?’ to be a Waelbroeck category K(4) is, in fact, 
an Abelian group, which we call the Grothendieck group of the functor 4: 
The assertion is a straightforward extension to our case, on the basis of the 
previous Lemma 7.1, of the “Banach category” technique applied in [41, 
Proposition 2.14, p. 611. 
On the other hand, by! specializing within the context of Lemma 7.1 to the 
case that the (compact) space X is, in particular, metrizable, one concludes 
by the preceding discussion that (7.16) defines a full and quasi-subjective 
(continuous linear) functor. Therefore, we may consider the Grothendieck 
group of the functor “restriction of A-bundles” given by (7.16) which is, in 
particular, denoted by 
K&f, u). (7.25) 
Thus, an element of the last group is a class d(E, F, a), where E, F are 
objects of gA(X) and a: E, + E, an isomorphism. 
Now, as a matter of fact, we still note that the hypothesis of the 
metrizability of X is not, of course, necessary for the definition of (7.25), as 
this follows by (7.23) and the subsequent comments (cf. also [41: p. 61, 
Prop. 2.141); however, under the same hypothesis for X and by further 
specializing to the case that A is a Frechet (locally m-convex) algebra, then 
as a consequence of Lemma 3.2, one realizes that kYA(X) (Lemma 7.1) is, in 
fact, a Frechet-Waelbroeck category, in the sense that, for every object E of 
F&(X), the algebra End(E) is (topologizable as) a Frechet locally m-convex 
Q-algebra (with an identity element; cf. also relation (7.12), still valid, of 
course, for not necessarily commutative A, in connection with [55, Chap. VI, 
Theorem 4.11 and [43, (5), p. 2671). 
Therefore, by still extending the corresponding technique of [41, p. 65ff], 
we may consider, for instance, as elementary triples of the form (E, E, idly) 
141, Corollaries 2.26 and 2.291, so that in particular one gets that 
d(E, F, a) = 0 if, and only if, there exists an object G of gA(X) and an 
isomorphism /I: E @ G + F @ G, in such a way that /?IY = a 0 idol, [41, 
Proposition 2.28, p. 661, hence, an analogous criterion for the equivalence 
(cf. (7.24)), thus the equality of the respective classes in (7.25) of two triples 
as above [41, 2.29, p. 661. 
We are actually going to dispense with these extra conditions for X and A, 
however, by considering in the sequel groups of the form (7.25), actually 
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more general, by means of “gradations” (cf. (7.34)), rhe fwo aspects being, in 
fact, equivalent under the preceding restrictions (cf. Lemma 7.2). 
Thus, in order to come to our main objective of this section, namely, the 
definition of the Chern character of the category FA(X), we shall have to 
comment a little more, within the previous context, on some relevant 
terminology regarding Clifford algebras. Namely, we are actually going to 
have the Chern character defined on the objects of a more general category. 
i.e., the category F,P,“(X, I’) (cf. (7.36)), whose definition is given by means 
of certain Clifford algebras. 
Thus, given a quadratic space (M,f), i.e., a real finite-dimensional vector 
space M together with a quadratic form f (symmetric (real) bilinear form on 
M x M), its Cllflord algebra, denoted by Q(iV,f), is (within an isomorphism 
of R-algebras) the quotient of the tensor algebra r(M) of the vector space M 
by the 2-sided ideal Z(M) generated by elements of the form x @ x - 
f(x, x) 1, with x E M. In this concern, if j = 71 o i, where i is the canonical 
injection of M into T(M) and 7c the canonical projection of the latter onto the 
quotient algebra Q(M,f)(T(M)/Z(M)), one has as a consequence of the last 
relation above that (j(x))’ =f(x, x) 1, x E M, i.e., the “universal” charac- 
teristic property of “the” Clifford algebra of (M,f) (cf., for instance, [41. 
p. 127ff] and/or [8, Sect. 9, p. 1391). 
Now, for any p, q in Z + (the nonnegative integers), we set 
Cp,9 E Q(lRp+9,f), (7.26) 
i.e., the Clifford algebra of the pair (lRP+9,f), with 
j-(x,x):=-x;--..-x;+*-+x;+,, (7.27) 
for every XE Rp+4. It is generated (as an R-algebra) by the elements 
(edI <i<p+q subject to the conditions 
(ei)* = -1, 1 < i,<p; (ei)*=+l, p+ l<i<p+q, 
eiej = -ejei, (7.28) 
for any i#j (cf. [41, Corollaries 3.11, and 3.13, p. 1301). 
Thus, by referring to the category k?“(X) (Section 3), we denote by 
ay(x) (7.29) 
the category whose objects are the pairs (E, p) where E is an object of .!FA(X) 
and p: Cpsq 4 End(E) an R-algebra morphism (cf. (7.10) and (3.3)), and 
morphisms for any given two objects (E,p), (E’,p’) those morphisms 
h E Hom(E, E’) in g*(X) satisfying the relation 
h 0 p(x) = p’(x) 0 h, (7.30) 
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for every x E Cpqq. The preceding notion can actually be defined for every 
locally convex category Q, the respective category to (7.29) being then 
denoted by @p*q (cf. [41, 4.1, p. 1371); thus, by considering the natural 
injection C pVq 5 Cpqqt ‘, one gets the functor 
(kg PA+ 1 ~ gP.4* (7.31) 
Thus, by specializing to the context of Lemma 7.1 the respective category 
Z,(X) becomes a pseudo-Abelian (Corollary 3.1) Waelbroeck category, in 
such a way that one may define the Grothendieck group for the respective 
functor to (7.31), namely, for gpVq = Z’i*q(x) (cf. (7.23) and the relevant 
comments) which is now denoted by 
K;*q(X) (7.32) 
(see also [41, Definition 4.1, p. 1411). 
Now, by still extending the respective situation one has for complex vector 
bundles [41, Sect. 4.15, p. 1421, we can (equiualently; cf. Lemma 7.2) define 
the pretlious group (7.32) by considering “gradations” of the objects of 
F’g*“(X). 
Thus, by a gradation of an object (E,p) of aiVq(X) (cf. (7.29); we shall 
also write simply E, the respective “structure morphism” p being self- 
understood), we shall mean an element q of End(E) in g&Y) in such a way 
that: 
(1) q2 = 1 (=idE), 
(2) q anticommutes with the generators e, of Cp*q (cf. (7.28)), when 
the latter are considered via p as elements of the algebra End(E), i.e., one has 
with 1 <i<p+q. 
(7.33) 
We denote the set of gradations of an object (E, p) of aFq(X) by 
GradPTq(E), (7.34) 
being by definition a subset of End(E) from which it inherits the relative 
topology, when considered as a topological space, the algebra End(E) being 
a locally convex one and, in fact, a Waelbroeck algebra (Lemma 7.1). 
Thus, we define the group 
KApqq(X) (7.35) 
as the quotient of the free group generated by the triples ((E, p), q, ql), with 
(E, p) E g’gsq(X) and vi E GradpVq(E) (i = 1,2), modulo the subgroup 
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generated by the elementary objects: by the last notion we mean a triple as 
before, for which the respective gradations vi (i = 1, 2) are homotopic within 
(7.34). i.e., there exists a continuous one-parameter farnil)! (u,),,,~.,, in 
GradP,q(E) c End(E) (the map (t, x) +P cr,(-r) is jointly continuous in t and 
.Y). with c(,, = q, and U, = ‘]I (cf. [41, p. 143; 61, p. 2111). 
Now, the preceding two groups are essentially the same, under suitable 
conditions for X and A, as this is obtained by the following result, an 
extension to our case of [41, Theorem 4.22, p. 1451 (the case of an arbitrary 
Frechet-Waelbroeck category being certainly clear): 
LEMMA 7.2. Suppose that ZA(X) is a Frt!chet-Waelbroeck category 
(Lemma 7.1 and comments following (7.25)). Then, the groups KFq(X) and 
KLpaq(X) are isomorphic. 
Proof: The argumentation follows that of (41, p. 142ff], the crucial fact 
being an extension to our case of 141, Lemma 4.21, p. 1451, which is essen- 
tially an application, within the present context, of the fact that End(E) is 
(topologizable as) a Frlchet locally m-convex Q-algebra (we refer to [55] for 
the relevant theory). I 
We shall remain in the sequel, however, within the framework of Lemma 
7.1, without, namely, any assumption for metrizability of the algebra A, 
considering henceforth the group (7.35) which, we shall denote instead by 
K,P3q(X) (cf. [61], as well as [41, 4.24, p. 1461). 
The preceding can be generalized by “relativizing” the groups involved via 
pairs (X, I’) consisting of a compact space X and a closed subspace Y s X: 
Namely, we consider the category 
~71.q(x, 9, (7.36) 
whose objects are triples ((E,p), q,, q2), where (E,p) is an object of aiVq(X) 
(cf. (7.29)) and vi E GradPVq(E) (i = 1, 2) such that r,r, = yl*lY (we set rli(v = 
vils,; i = 1. 2). Thus, we consider next the free group generated by triples of 
the above kind. module the subgroup generated by elementarq, objects; 
namely triples ((E, p), q,, r,rZ) as before for which the respective gradations vi 
(i = 1. 2) are homotopic within (7.34) “relative to Y” i.e., the family 
(“r)rE,o.l, - c GradPVq(E) considered above is such that 
a, = VI = rhL (7.37) 
for every t E [0, 11. We shall denote the quotient group, relativized Grothen- 
dieck group of the category (7.36), thus obtained by 
KPq(X y> 
(cf. (41, Sect. 5, p. 148; 61, p. 211)). 
(7.38) 
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Now, the natural isomorphism (of R-algebras) 
(7.39) 
implies a similar equivalence for the respective categories (7.36), i.e., one has 
Fy+ ‘(X, Y) = Fi’ ‘Jyx, Y), (7.40) 
within a category equivalence, hence an isomorphism of the respective 
(relativized) Grothendieck groups. 
On the other hand, by still specializing to a Frechet- Waelbroeck category 
F;(X) (cf. Lemma 7.2), one gets the following isomorphism of groups: 
K~~q+‘(X,Y)=K~~q(X~B’,X~SoUYxB’). (7.41) 
where B’ denotes the unit disc and So the zero sphere; i.e., So = {f 1 } 
(fundamental theorem; cf. [41, Theorem 5.10, p. 1531, as well as [61, 
p. 2121). 
The last assertion is yielded by an extension to our case of the reasoning 
of [41] which in turn is essentially based, within the preceding technique 
(Lemma 7. l), on a suitable generalization of the situation one has forformal 
power series with coefftcients from a given Banach algebra to the case of a 
more general topological algebra A as above, the crucial fact herewith being 
the resulting power series algebra to be still a Q-algebra, in case A is, when 
endowed with any of its natural topologies. Thus, we have. 
LEMMA 7.3. Let A be a complete locally m-convex Q-algebra with an 
identity element and let A[ [t]] be the algebra of formal power series over A 
in the “topology of simple convergence of the coejj7cients.” Then, A [ [t] ] is a 
complete locally m-convex Q-algebra (with an identity element) as well, so 
that it is still a Q-algebra under any finer topology making it a topological 
algebra (e.g., the “topology of sequential (analytic) convergence”: “Folgen- 
topologie” in the sense of [28]: see, for instance, [28, Satz 2, p. 581. In 
particular, A [ [t ] ] is a Frechet (locally m-convex Q-) algebra in case A is. 
Proof: Namely, denoting by 
(7.42) 
with m E Z + , the respective natural projections (cf., for instance, [28, p. 131) 
the “topology of simple convergence of the coefftcients,” is by definition the 
initial topology on A[ [t] ] defined by the maps (algebra morphisms) TC,, 
m E Z + (cf. [ 70, p. 25 1, as well as [28, p. 131); hence, A [ [t]] is a locally m- 
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convex algebra (55. Chap. II; Sect. 1] which is also complete (cf.. for 
instance [ 70. p. 9 1 1). Thus. denoting by GL(.) the respective groups of inver- 
tible elements of the algebras involved. one gets 
GL(A[ It]]) = n;‘(GL(A)) (7.43) 
which proves the assertion, since by hypothesis GL(A) is an open subset of 
A an x0 a continuous map. The rest of the assertion is certainly clear by the 
very definitions (cf. [28, Zusatz, p. 141). I 
As a byproduct of the preceding, one also gets an extension, within the 
framework of Lemma 7.3, of Wood’s theorem concerning Bott’s periodicity 
[72. Theorem1.8, p. 373) (cf. [41, Theorem 6.12, p. 167; 61, p. 2121). 
On the other hand, one further gets the relation 
K;O(X, Y) = K,(X, Y) (7.44) 
(cf. (7.25) and (6.35)), within an isomorphism of (Abelian) groups; cf. [41, 
Proposition 5.7, p. 151; 61, p. 2121. 
We come next to the definition of the Chern character for objects of the 
category (7.36) following, within the present framework, the respective 
tretament of MiEenko-Solov’ev given in [6 1, p. 2 12ff] for vector bundles 
over abstract C*-algebras. 
Thus, by considering tensor products and the natural “pairing” of complex 
vector bundles via “external tensor products” (cf. [41, 5.8, p. 152]), one gets 
the following morphism (of groups, actually of A-modules): 
y: KP34(X, Y) @ K;‘99’(X’, Y’) + K;+P’34+q’(X x X’, Xx Y’ u Y x X’), 
(7.45) 
for any p, q, p’, q’ nonnegative integers and the “compact pairs” (X, Y) and 
(X’, Y’) (see also (6 1, p. 2121). Therefore, for every compact pair (X, Y), the 
group 
K,*,*(X, Y) := @ KF4(X, Y) 
P.9>0 
(7.46) 
admits the structure of a K*‘*(X, Y)-module (the ring K*‘*(X, Y) = 
K,*,*(X, Y) being analogously defined by (7.46) for A = C; cf. [41, 5.8, 
p. 931, as well as [21, p. 321). 
In particular, by setting 
KPv4(A) := KiTg(pt., 0) (7.47) 
one gets by (7.45) the following (group) morphism: 
y: Kp*q(X, Y) @ KP’*q’(A) + K~+p’v9+9’(X, Y), (7.48) 
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in such a way that tensoring by Q (the rational numbers), one gets, by the 
uniqueness of cohomology theories for (the category of pairs of) finite CW- 
complexes (cf., for instance, [21, Theorem E.B., p. 13; 12, Sect. 4, p. 479ff]), 
an isomorphism y @ Cl!, hence we may now set 
DEFINITION 7.1. The Chern character for an element of (7.46), denoted 
by ch,(s), is defined by the following K*‘*(X, I’)-module morphism 
ch,: K,*,*(X, Y) + H*(X, y; K*,*(A) @ Q) (7.49) 
given by the relation 
ch,:=(ch@K*‘*(A)@Q)o(y@Q)-‘, (7.50) 
where “IT’ means, of course, Tech cohomology and “ch” stands for the 
Chern character of complex vector bundles (see [61, 1.3, p. 212; 30, 
Theorem 5.8, p. 701: we are still arguing, of course, within the category of 
pairs offinite C W-complexes and the framework of Lemma 7.2). 
Now, the map (7.49) has the following properties (cf. [61, p. 213)): 
(i) For any x E K***(X, Y) and y E K,***(X, I’), one gets 
ch,(x . y) = ch(x) . ch&). (7.5 1) 
(ii) For every morphism 
one defines 
by the relation 
ch; := a, o ch,, 
where 
a*: H*(X, y; K***(A) @ Q+ H*(X, y; a) 
is the morphism induced for a, in such a way that one now gets 
(7.52) 
ch;(x . y) = ch(x) ch:@), 
for any x, y us in (7.51). 
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thar (iii) For every x E K ,*.*(X, Y), there exists an integer i in such a )$‘a>* 
with xi E K***(X, Y) and ai E K***(A). 
As a consequence one gets, in particular, that 
ch,(x) = .? + . . . . (7.54) 
for every x E K, * ’ *(X, Y), where x’ stands for the restriction of x to the 
particular point pt. E X considered. 
Applications of the foregoing to derive Hirzebruch-type formulas, within 
the present context, by applying topological *-algebras in connection with 
“generalized group algebras” [48] and their representations [26] will be 
given in a subsequent publication; the latter extend analogous considerations 
by MiEenko [60, 781 and MiZenko-Solov’ev [61, 771 in case of C*- 
algebras. On the other hand, topological (locally m-convex) *-algebras 
satisfying a “C*-condition” play, for instance, a crucial role in recent 
considerations referring to noncommutative generalizations of the classical 
moment problem with applications to relativistic quantum theory [ 191. 
Furthermore, applications of the foregoing to similar considerations by 
Kasparov [42] concerning K-cohomology, in connection with topological 
dynamical systems referring to tensor product (non-normed) topological 
algebras (cf., for instance, [ 1 I), within the preceding lines of thought, seem 
also possible. 
APPENDIX 
Arguing within the context of Theorem 6.1, suppose that the topological 
algebra /A involved is, moreover, equipped with a Hermitian involution (i.e., 
an involution commuting, via the Gel’fand map, with complex conjugation) 
or, equivalently, A is a selfadjoint *-algebra (the algebra p’“(X) is of 
course, still such an example with complex conjugation of functions as 
involution; see Section 6). 
Now, as a consequence of (6.2), one gets under the above conditions for 
the algebra A, the relation 
Pit A = B’(!UI(A), H), (8.1) 
within an isomorphism of the respective groups, thus a partial extension to 
our case of the corresponding result of Forster [23] for Banach algebras (for 
the definition of Pit /A see, for instance, [9, Proposition 7, p. 1151). 
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The assertion is an application of the technique developed in [55, 
Chap. V] and the sectional representation of A [56], so that the reasoning 
applied by Selesnick for the analogous situation within the Banach algebras 
theory context is still fitted herein (cf. [74, Proposition 2.1, p. 58; 75, 
Theorem 1.1, p. 7031, as well as [55, Chap. V, Corollary 2.51. As a conse- 
quence of the latter one concludes, for instance, that “algebraic and 
topological localization of A at any point of its spectrum YJI(A) are 
equivalent”; cf. [56]). 
Besides, by the same reasoning and the fact that A = r(X, &‘) (see 
Section 6) one gets an extension to our case of the Arens-Royden theorem 
[76], namely, 
ci’(!Ul(A), Z) = T(X, &)*/exp T(X, d) = A */exp A (8.2) 
within an isomorphism of the respective groups. 
In this concern, it is still to be noticed that Wagner [73] has already 
pointed out, yet for Banach algebras, similar considerations by applying 
“sectional representations” of the Banach algebras involved. In this respect, 
the class of (Zk)-algebras 1541 (see [55, Chap. IV, Sect. 9.(3)]) seems to be 
the appropriate one to deal with the relevant situation within the present 
framework. 
Scholium (added in proof). Concerning Theorem 1. I, one can prove, in effect, that M,(A) is 
a complete local!v m-convex Q-algebra wilh an identity element whenever ,& is (cf. A. Mallios. 
Hermirian K-Theory Ocer Topological *-Algebras (: Theorem 2.1)). Besides, as it regards 
(7.13), one might consider instead an algebra, for instance, of the form M,(a). with A a 
commutative algebra of the above kind, so that p(X, M,(P)), with X compact, is still a Q- 
algebra (see Mallios, Homoropy Invariants of rhe Spectrum of a Topological Algebra (: 
Corollary 2. I; one still has, however, F,,,,a,(X) - Fb(X), within a category equicalence (ibid., 
Theorem 2. I). The papers quoted here are to appear). See also Mallios, Morila Equivalence in 
Topological Algebras. Abstracts Amer. Math. Sot. 3 (6) (1982). 538 (: 823-46-434). 
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